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and great tracts of this country, but I have had also a privilege that I 
value even more highly, that of making the acquaintance of many of 
Canada’s citizens and of being able to ascertain their angle and their 
point of view. 

While my mind has been greatly impressed by the growth and 
development of the country’s industries and resources in agriculture, 
mining, forests, water power, etc., one is still more impressed by the 
opportunities that exist. You have only to travel the country to know 
these opportunities and when one sees the strides which have been made 
in so short a time he cannot but wonder what the possibilities are for 
the future. 

In my office at Ottawa hangs the 35 mile to the inch Railway Map 
of Canada, issued by the Department of the Interior, with which you are 
probably all familiar. It bears the date 1920 and is, therefore, pre- 
sumably more or less up to date. (Laughter.) But it so happened only 
a very few days ago that the Prime Minister came to see me. He found 
me, as I am very often to be found, standing upon a chair looking at that 
map. It was a model of perfection but he said it was already completely 
out of date. He added: ‘‘We have sent men right up to some place in 
the north, and you want a map double that size to get up to where that 
outpost has gone for the purpose of investigation and discovery.” 
(Laughter.) 

Another thought always strikes me when I regard that map. We 
hear a great deal about railways in this country, yet if you take that 
map—for it is a railway map after all—and if you look carefully at the 
area covered by railway lines, you cannot but be struck by the relatively 
extremely small portion which is served by any railway at all. Yet we 
have every reason to believe that those vast regions stretching away, 
even beyond the Arctic Circle, possess potentialities of the highest value. 
We confidently talk about the development of our resources and yet I 
am bound to say that we fall off somewhat when we attempt to define 
how they should be developed on business and scientific lines. 

I know you will pardon me if I venture to allude to another feature 
which has struck me during my tenure of office, a far from pleasant one 
I admit. This is the appalling wastage which one sees going on all 
around in Canada to-day, whether in agriculture, in farm culture, in 
forestry, in fishing or in mining we are losing what ought to be extremely 
valuable products. I shall mention one instance only. 

There is, perhaps, nothing which strikes any one coming from the 
Old Country and going through the Prairie Provinces more than to see 
the straw being absolutely and deliberately burned. I know that within 
the last two or three years efforts have been made to prevent this and 
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that in fact burning has been prohibited. Nevertheless it has seemed a 
strange paradox that while some of the best brains have been evolving, 
and are still evolving, types of wheat, oats and other agricultural pro- 
ducts, best suited to climatic and soil conditions, it has been a more or 
less general practice in many parts of the country, not only to make no 
use of what ought to be a valuable annual product, but to deliberately 
destroy it. I know that not only agriculturists, but also eminent 
scientists, are to-day dealing with the problem of the utilization of this 
product, and I only mention it as an instance. 

Again and again also I have heard the statement that land in many 
portions of Canada is not farmed but mined. The very benefits which 
a kind and generous soil confer on us are taken without anything being 
restored to it to help it continue its beneficent work. One hears on 
every side that this matter is engaging the attention of those who are 
best qualified to deal with it and I cannot help hoping that with the 
advance of knowledge and of science better and more economical methods 
will be found to prevail. (Applause.) 

It is very tempting to one situated as I am to-night, to dilate upon 
the vast possibilities which we in Canada possess. Our known resources 
are enormous and as we gain knowledge of the less known regions the 
possibilities for the future become much vaster. May I take you back 
to the Finance Minister and remind you of the necessity and urgency of 
research from his point of view—and, after all, his point of view is the 
point of view of the taxpayers as a whole. 

The developed wealth of Canada has been estimated at various 
amounts between eighteen billion and twenty-five billion dollars. The 
estimated developed wealth of the United States is put at three hundred 
billion dollars. Of course in the United States there are still great 
natural resources which are undeveloped but so also are there great 
natural resources in Canada, and the latter are, as yet, almost wholly 
untouched. If scientific research could be applied to the development 
of these resources I think it is safe to estimate that in ten years there 
would be not twenty-five billion dollars of developed wealth but some- 
thing nearer one hundred billion dollars. Under these circumstances 
the present debt of Canada, which is about two billion dollars, would 
be an exceedingly light burden for the Dominion and the most cautious 
of Finance Ministers would be at his ease. (Applause.) 

Ladies and gentlemen, I know that to an audience of this character 
it is not necessary for me to labour these points. On the one hand we 
know we have these great resources which are waiting to be transformed 
to the use and benefit of man. On the other hand it is for us to find the 
means whereby the transformation can be effected. (Applause.) 
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Touching the matter of research there are two other subjects to 
which I should like briefly to refer. Public Health and all that is in- 
volved in these words is occupying more and more of our attention. 
Enormous advances have been made, and are being made from day to 
day, in medical and surgical science, but if I may venture to use a pain- 
fully hackneyed and well-known expression, néarly two thousand years 
have elapsed since Juvenal wrote ‘‘Orandum est, ut sit mens sana in 
corpore sano” and the prayer is as urgent to-day as it was then. 

The war, undoubtedly, disclosed conditions the gravity of which 
cannot be overlooked. I am not now referring to the loss or impairment 
of life as direct consequences of the war. I am not alluding to those who 
were killed in action, or wounded or maimed as a direct result of war, 
but to the physical and mental conditions which were found to exist in 
different countries when they were called upon to make preparation for 
war. Nor is there reason so far as I have been able to inform myself, 
to make an exception of any of the belligerent nations. In preparing 
and equipping ourselves for war we—and I say “we” in the broadest 
possible sense—undoubtedly found conditions prevailing which, to 
say the very least, give rise to great anxiety and call for inquiry. 
Many of you, I know, are familiar with the phrase of the Prime Minister 
of Great Britain, Mr. Lloyd George, ‘‘ You cannot get A-1 workers out 
of a C-3 population.” Mr. Lloyd George is a past master at the art of 
phrase-making, but he never coined a better or more pointed phrase. 
It summarizes the situation with which we are confronted. 

I know that much has been achieved. There are great institutions 
throughout the world which have already done, and which from day to 
day are doing, notable work in advancing the science of Public Health. 
We owe a debt which we can never repay to the men and women who, 
- by patient investigation and industry, have done so much to relieve 
human suffering and to the splendid munificence of those individuals 
who have made it possible for the skilled and trained researchers to do 
this beneficent work. In this connection I hope I may be allowed to 
take the opportunity of referring to the generosity of that distinguished 
citizen of Toronto and member of this Institute, Colonel Gooderham, in 
providing the Connaught Laboratories which did such great work during 
the war. (Applause.) That work, I feel confident, is only an earnest 
of what is to be done, not only in the distant, but in the very near future 
as well. 

Though much has been accomplished in the way of medical research 
we all know that the field is a vast one and that the opportunities for 
further development are unlimited. However wonderful the results 
attained, the call is ever for more. No encouragement to research along 
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these lines should be omitted. No inducement to the research worker 
should be lacking and every possible assistance should be rendered to 
him in this great and noble work. 

The only other subject on which I shall touch to-night is that of 
Historical! Research. 

After all, what is History? I speak subject to correction, but I 
believe I am right in saying that the word is derived from the Greek 
‘‘taropla’’ which was used by the Ionians in the 6th century B.C. to 
designate the search for knowledge in its widest sense. It meant 
inquiry, investigation, not narrative, and it was not till two centuries 
later that the historian—the reciter of stories—superseded the historian, 
the searcher after knowledge. 

Even if we use the word in the more restrictive sense we have a vast 
field for the research worker. Human interest and activity is constantly 
broadening with the ever-increasing complexity of modern society and 
the more or less rapid emergence of social and economic conditions. We 
look to historic research to enlighten us as to how the corresponding 
needs were met in earlier times and how they developed into their present 
relative importance. 

By a thorough study of the capacities and limitations of human 
nature we must search for the most progressive and practical means for 
the betterment of individual life and the improvement of social con- 
ditions, and it is to history—the record of human experience—that we 
must turn for guidance in that study. 

I am afraid, ladies and gentlemen, that I have done no more than 
touch the fringe of this great subject of research. Many of you who are 
here this evening, I know, are giving their best attention to the problems 
which present themselves in this connection. Chief among these prob- 
lems, in my opinion, and in the opinion of many others, is that of the 
supply of research workers. How and where are we to get the men and 
women qualified to carry on this work of research? This 1s a problem 
which not only we in Canada but the people in the Old Country and in 
the United States are seeking a solution for. 

Here I should like to quote a memorandum of Dr. Macallum, Chair- 
man of the Honorary Advisory Council for Scientific and Industrial 
Research. The memorandum in question referring to the problem just 
mentioned reads as follows: 

“The Research Council found, as indicated in the memorandum 
referred to, that there is a great scarcity of researchers in Canada. The 
number is greatly less than the Dominion requires in order to develop 
scientific research, not only in the Universities but also more especially 
in the utilization of the natural resources of the country. 
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“It is true that a similar dearth obtains in the United States and 
Great Britain. Again and again have the British and American Re- 
search Councils referred to this scarcity and they are promoting measures 
which will, in the end, meet the situation to a certain degree. At present, 
what difficulties they encounter are shown in an extract of a letter 
addressed by the Chairman of the National Research Council of the 
United States, Professor H. A. Bumstead, to the Chairman of the 
Canadian Research Council, which is as follows: 

“‘The difficulty of getting properly qualified research men, which 
you refer to in the last paragraph of your letter, is as conspicuous in the 
United States as you say it is in Canada. Money, apparatus and 
laboratories are easier to get than men. Almost everybody recognizes 
this, including men in the industries who have had some experience of 
the methods and results of research. Our Council has this problem very 
seriously in mind and we have some plans under consideration for 
attempting to capture a larger number of promising undergraduates in 
our universities. It is, however, exceedingly difficult to say whether or 
not much can be done in this way. When all is said and done, material 
returns for scientific research are so much less than for business that it 
is not easy to persuade young men to enter upon it as a career. The 
recent campaign for increased salaries for professors has accentuated 
the feeling among the people of the country that science and teaching 
are poverty-stricken professions; this increases the reluctance of parents 
to allow their sons to go into them. I had two instances of this in my 
own classes last year. It is, I think, one of the directions in which it is 
most necessary that missionary work should be done.’”’ 

“In Canada the difficulty of promoting the development of scientific 
researchers is, in one respect, greater than it is in the United States and 
Great Britain. Our universities are young. They have inadequate 
endowments and they cannot provide the Studentships and Fellowships 
necessary which will permit young graduates in science to train for a 
career in research. They also have not sufficient staffs in science and 
adequate accommodation to train all the students required. Further, 
the energies of these universities have been expended in providing the 
instruction to students to qualify for the ordinary degrees. The degree 
of Doctor of Philosophy, which postulates on the part of the recipient 
a training in the methods of research, has been awarded to less than 
forty students of science in the whole Dominion in the last twenty years, 
and yet the Alumni of these universities, it is estimated exceed 30,000 in 
number. The lure of the American universities offering a very con- 
siderable number of Studentships and Fellowships has attracted Canadian 
students of ability to them for the training in research which such 
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students require, and the result is that a considerable portion of those so 
lured away have not returned to the Dominion and fill positions of 
distinction in American universities and in the Research Laboratories 
provided by industrial firms in the United States for their own needs. 

“What is immediately necessary is an earnest and sustained effort 
to provide courses in research in universities of Canada which will attract 
students to them and permit them to receive the training which a career 
in research demands. For the next few years at least one hundred 
graduates annually should complete such a training in order eventually 
to overtake the demand for researchers which will develop in the immedi- 
ate future. If the National Research Institute is founded, and there is 
a prospect of this during the next Parliamentary session, at least a staff 
of four hundred or five hundred researchers will be required, and if they 
are not trained in Canada, or if Canadians do not receive such training 
either in Canada or the United States, the staff may be composed, in 
large part, of qualified men imported from abroad. The industries in 
Canada in the near future will also require scientific researchers to staff 
the Research Laboratories of the Trade Guilds for research which will 
be more or less in association with the proposed National Research 
Institute. If such researchers are not trained in Canada they also must 
be imported, an undesirable contingency and to be justified only on the 
plea of necessity.” | 

Ladies and gentlemen, that is a perfectly plain, straightforward, 
businesslike statement of the needs of Canada as far as the human 
element is concerned. Knowing Canada as well as I do, I am confident 
that the laboratories, with the necessary equipment and apparatus, will 
be forthcoming supplied either by public funds or through the generous 
impulse of individuals. With regard to obtaining the trained men I 
have no immediate solution to offer. I have no doubt, however, as to 
the ultimate result. 

May this be my message to you, to the members of the Royal Can- 
. adian Institute, the oldest institution for the promotion of science in the 
Dominion of Canada. Your record is one of which you have the fullest 
reason to be proud. You have already accomplished great things and 
the success and conquests you have achieved in the past will, I know, be 
an inducement to you to make further efforts in the future. It would 
not be fair, however, it would not be right, that the solution of a problem, 
which goes to the very heart of our existence, should be thrown upon 
you alone. The experiences of war and peace times combine to show 
that no nation can continue to live which does not train its men and 
women to use to the greatest advantage those resources with which it 
has been blessed. Our task in Canada to-day is to train our young 
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people so that they may be in a position to realize on the natural resources 
of the country. It may be said that I am suggesting expenditures of 
money or asking for subscriptions. What I am asking for, however, is 
not expenditure of money. I am‘asking you to make the best invest- 
ment you ever made in your lives. The opportunity is in your hands. 
Your children are certainly not behind those of any other country. 
Personally, I have come to the conclusion that I have never come across 
a brighter child than the native Canadian child. You have a population 
whose individuals, with proper training and adequate inducement 
offered to them, are capable of holding their own scientifically with the 
citizens of any civilized country in the world. You have the human 
asset; you have the natural resources. 

In the beginning of my speech I mentioned my ancestor who tucked 
himself away in his stable and mucked away over his experiments. 
With you practical questions are dealt with in a practical way. Asa 
nation you have proved yourselves in war and in peace capable and 
qualified to deal with your problems. 

For the problem of which I have been speaking I offer no solution. 
You yourselves must find the solution, as you know, and you are working 
on it. I can only wish you Godspeed in the great work which you are 
doing, and I feel confident that the success which you have achieved in 
the past is only a guarantee of greater success which you will achieve in 
the future. (Applause.) 


SCIENTIFIC RESEARCH AND PUBLIC HEALTH 
By W. H. HOWELL 


Henry Adams in his Education complains with some feeling that life 
in our generation has acquired an acceleration that is disturbing and 
discouraging. The discoveries of Science that have given mankind such 
wonderful control over the forces of nature and have added so greatly to 
the comforts and conveniences of life have increased also its complexity 
and speed. Most of us who have passed middle life will agree that living 
in our day is a strenuous affair, that existence is not a placidly flowing 
stream but arushing torrent. With our telegraph and wireless and rapid 
means of locomotion we triumph over time and space, but by the same 
tokens these forces that we have called into existence have set for us a 
more exacting standard of performance to which we must conform. 
A leisurely comfortable pace means failure. 

Adams thinks that this acceleration in living is increasing something 
after the manner of the velocity of a comet approaching perihelion, and, 
he seems to suggest that the comet will sweep round the centre of attrac- 
tion and plunge outward with ever decreasing speed to an aphelion of 
dark ages and shattered civilization. 

The same idea is expressed in different ways in the writings of others 
of our contemporaries. Saleeby, for example, in one of his sprightly 
essays warns his fellow-countrymen that as a nation their mental tempo 
is too slow—that big strong slow nations like the big strong slow animals 
of the quaternary period will suffer in competition with swifter, more 
responsive peoples. 

We must admit the general premise that the pace now is more rapid 
than in former days and that it tends to increase in accordance with some 
as yet unknown law of acceleration. We may accept the conclusion that 
this condition has come upon us as a result of our increase in knowledge 
and we may even agree that in proportion as our mastery of nature 
grows the complexities of living must be multiplied. But it will avail 
us nothing merely to protest like the Preacher that ‘‘he that increaseth 
knowledge increaseth sorrow”. If greater knowledge brings greater 
sorrows it brings also larger opportunities for happiness and usefulness 
and we should apply our intelligence to minimize the ills and magnify the 
good. Reflections of this kind suggest themselves whenever one con- 
siders matters of public health. Civilization has tended constantly to 
increase the density of population, to change the mode of living from the 
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rural to the urban type, to convert a dilute solution of humanity into 
a concentrated solution. The change ts accompished always bv an 
increase in the comforts and conveniences of living. but at the same time 
it tends to magnify the dangers to life from disease and accident. Disease 
spreads more rapidly the closer the contact between man and man, and 
the rate of mortality in spite of the most improved modes of sanitation 
is greater in the cities than in the country districts. So also our new 
rapid means of locomotion are accompanied by fearful losses of life 
from accidents. The omnipresent automobile is slaving mts thousands 
annually; at such a rate in fact that if not checked it bids fair to become 
one of the major causes of mortality. We can not well escape such 
consequences, we must learn to provide against them by wise laws and 
especially by increasing our knowledge of the order of nature. Under 
present conditions apparently our margin of safety is uncomfortably 
small. As soon as circumstances arise that interfere with the stability of 
government or put any unusual stress upon the customs of civilization 
the equilibrium that we have succeeded in establishing is seriously 
disturbed, pestilence and famine raise their ugly heads like weeds in a 
garden. We all know that such a condition ts upon us now. As an 
aftermath of the great war there has developed a wide spread dis- 
organization of society, and immediately the old hostile forces of nature 
spring into action and threaten the well being of mankind. It becomes 
necessary to organize official and volunteer agencies of all kinds to stem 
the rising tide of suffering and disease. 

Earnest spirits the world over have hoped that human intelligence 
may devise some plan whereby wars may be prevented or controlled 
to some large degree, not alone for the direct saving in life that would be 
effected, but for the sake of protecting human society from the frightful 
strains occasioned by wars which endanger the stability of the whole 
structure. 

Those who have attempted to set into action a League of Nations to 
prevent wars among men have not overlooked the fact that mankind 
as a whole is constantly at war with nature, and that in the one case as 
in the other it is desirable to pool our knowledge and intelligence so as 
to discover the most effective means of promoting the common good. By 
organization and co-operation we may utilize our combined resources to 
offset the advantages that arise for nature out of the increasing com- 
plexities of civilization. It is a wise provision of the covenant that it 
arranges for the establishment of an International Health Organization. 
It is to be assumed that an organization of this character together with 
the great unofficial international health agencies, such as the League of 
Red Cross Societies will not be hampered in their work by selfish national- 
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istic ambitions, for in the warfare against nature we are all allies and 
our common interests will tend to strengthen the alliance more and more 
as we come to appreciate the nature and strength of the forces arrayed 
against us. 

The general status of our relations with nature may be summarized 
in this way. Man as an organism must adapt himself to his environ- 
ment. Speaking in very general terms, the environment may be des- 
cribed as biological and physical. Under the designation biological 
environment. I would group man’s relations to other living things, 
including his fellow man. But the living things in which we are chiefly 
interested from the point of view of public health are those small organ- 
isms that live on or in our bodies and which as a consequence of their 
parasitism give rise to dangerous or fatal diseases. Some of these or- 
ganisms, it is true, may be our friends, but for the most part they are 
competitors and enemies—and our relations with them are best des- 
cribed by the familiar terms of human warfare. In our operations 
against them we must use methods both of defense and offense. The 
notable defensive agencies are those that have been developed without 
our conscious assistance by natural selection. They exist ready formed 
in the body. When invading organisms gain access to our bodies they 
are in part bodily captured and destroyed by a certain group of cells 
designated as phagocytes, or their power for evil is met by the automatic 
production in the tissues of antagonistic substances of various kinds 
which immunize the body against the activjty of the special invader. 
This power of the tissues to create a special immunity is a marvelous 
reaction in its delicacy and its complexity. The chemistry of the pro- 
cesses involved is far beyond the ability of the scientist to understand or 
to imitate. But we know that the power exists, a special branch of 
preventive medicine has been organized for its study and carefully 
trained scientific workers in many laboratories are devoting their time 
and energy to its investigation. Nature offers here a problem of great 
intricacy and we want to know all about it for two reasons. First, 
simply to widen our knowledge, for Science, as Clifford put it, is interested 
in ‘everything that is or has been or may be related to man”. Second, 
for a utilitarian reason. Altough the processes of immunity work 
automatically without our conscious assistance, it is obvious that if we 
understand them we may greatly increase their field of action. We can 
take this defensive agency developed through the blind processes of 
nature and improve it to who can tell what degree. A beginning has been 
made. Everyone knows of the successful use of the antitoxins for 
diphtheria and tetanus and of the wide spread benefits in the way of 
prevention obtained from vaccines of various kinds. But it is only a 
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beginning and we have every reason to believe that there are immense 
possibilities in the future. To realize these possibilities we need a large 
number of trained scientific workers with facilities and leisure for inten- 
sive work. There is no lack of young men and women who would he 
willing or even eager to enter upon a career of this kind both on account 
of the intrinsic interest of the work and on account of the great service 
it would be to humanity. The difficulty in pushing the matter forward 
with the proper speed lies in the financial support required. The 
universities and medical schools are contributing in proportion to 
their limited means, and occasionally gifts from private benefactors 
help the good work along, but naturally we look to governmental 
agencies for the chief support in a matter affecting so directly the 
public good. The obligations of government in safe-guarding public 
health have been recognized only in modern times. The passage by 
Parliament of the Public Health Act of 1848 is perhaps the first decisive 
step in this direction. Since that time gfeat developments have 
occurred. The Government has made greater and greater efforts to 
protect the health of the people, but its efforts have been confined 
largely to the application of knowledge and methods already dis- 
covered. The importance of supporting scientific investigations looking 
forward to new discoveries has not been recognized by legislators 
as a class, and presumably will not be so recognized in democratic 
governments until the intelligent part of the community becomes con- 
vinced that money spent in such ways is a paying investment. At 
present we spend immense sums of the public money to protect ourselves 
from the aggressions of our fellow man. If the time comes when this 
will not be necessary then no doubt we can pay more attention to our 
troubles with our non-human enemies and provide the funds for greater 
protection against their ravages. 

Carrying out my militaristic analogy let me say a word about the 
offensive side. It is quite possible in this contest to carry the war into 
the enemy’s country. The kind of campaign that can be developed is 
clear enough and we have every reason to believe that it will be successful, 
for on our side we have the advantage of intelligence, the mind of man 
capable of understanding and using the forces of nature, while on the 
other the chief weapon is mere force of numbers, the incredible fertility 
of the lower forms of life. The insects that infest our bodies, flies and 
mosquitoes, fleas, ticks and lice are directly or indirectly carriers of 
disease. It is easily possible for us to find out all about their structure, 
habits and life histories and thus put ourselves in a position to control 
or destroy their fertility. Medical Zoology has become a specialized 
branch of investigation cultivated in all of our schools of public health 
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and especially in the laboratories engaged in the study of tropical diseases. 
It is a subject that at present is largely in the morphological stage, but 
later it will widen out into the investigation of the functional sides and 
if only adequate support can be found to provide workers and facilities 
we may look forward to a practically complete mastery over such forms 
of life so far as they are inimical to our lives or our possessions. What can 
be accomplished in this direction is illustrated by the splendid triumphs 
of bacteriology. The brilliant beginning made by Pasteur has been 
followed up and extended by a host of workers. Their combined labors 
have enabled us to obtain a measurable control over many diseases 
which formerly spread death and desolation over the entire world. The 
work is very far from being completed. There are still disasters like 
our recent epidemic of influenza before which we are almost entirely 
helpless. But no one can doubt that the systematic application of the 
methods of investigation which we now possess will eventually give us 
control over this and similar diseases due to the action of living organisms. 
The labor involved is great. One can get an idea of what it must cost 
by looking back at the history of Bacteriology. This history is not long 
for the subject came into existence only a generation ago. But if one 
reviews the great volume of literature that has appeared in this subject 
during the past forty years, and if further one pauses to reflect upon the 
months and years of labor that have gone into the preparation of each 
of the papers in this long list, he arrives at a conception of the enormous 
expenditure of human energy and intelligence which has been necessary 
to win for us our present position of advantage. We must be prepared 
to do much more. We of this generation are the beneficiaries of the 
labor of those who have gone before and in our turn we must do our part 
in handsome fashion. It is not sufficient for us simply to make use of 
the knowledge handed down to us, for great and important as it is, 
it is nevertheless incomplete. We must know more—we must multiply 
our laboratories and workers and push our investigations along the lines 
that have been so successful in the past. A second Pasteur may or may 
not be born, the control of such events is not in our power, but what we 
can do if we put our minds to it is to create a large body of workers. 
The additive labor of many second rate workers in science is often 
equivalent in importance to the output of a single genius of the first order. 

I have referred so far only to our relations to the biological environ- 
ment, but hygiene is equally concerned with our relations to the physical 
environment. Under this term I would include all those physical and 
chemical forces that react upon the body from within and from without. 
The maintenance of health requires an unending series of adaptations 


to changing conditions. These adaptations ate carried out with aston- 
—2 


18 TRANSACTIONS OF THE ROYAL CANADIAN INSTITUTE 


ishing success and for the most part without any voluntary guidance 
on our part. The mere fact that the machinery runs so well through so 
many years is a demonstration of the completeness of the physiological 
adaptations. But the more one learns about the delicate mechanisms 
and adjustments of the body the more he will be inclined to sympathize 
with Stevenson’s point of view founded on personal experience—‘“ And 
what, says he, pathologically looked at, is the human body with all its 
organs, but a mere bagful of petards? The least of them is as dangerous 
to the whole economy as the ship’s powder magazine to the ship; and 
with every breath that we breathe and every meal we eat we are putting 
one or more of them in peril”. It is not quite so bad as that. We know 
from experience that sudden explosions in the economy are not to be 
feared. Wecan rely upon the mechanism keeping intact under ordinary 
conditions for a certain period of time with somewhat the same con- 
fidence that we have that the earth will stick to its orbit and not take 
a tangential dive into outer space. A timid person might work up a 
scare with reference to that operation of nature also if he once gave 
himself up to the possibilities of things going wrong. 

But while experience teaches us that the machinery is not likely to 
go to pieces all at once we know that it does break down in places very 
frequently. In later life particularly these failures in adjustment or 
adaptation thrust themselves disagreeably upon our attention. Slight 
deviations from the normal that at first seem to be of little importance 
grow into serious pathological defects which must be treated by the 
methods of medicine or surgery. The body must grow old of 
course. We accept senescence as a law of our being and in the long 
run senescence may be regarded as a gradually developing loss in the 
power of adaptation of the tissues to their internal environment, an 
increasing imperfection in the processes of nutrition; but by unhygienic 
living, by deliberate or ignorant disregard of the rules of health, we can 
bring about a premature disruption of one or more of the delicate adjust- 
ments of the body. A perfect system of preventive medicine would 
detect these deviations from the normal at the very beginning and would 
correct them by the application of hygienic measures. Sir James 
MacKenzie in a recent address before the Pathological Club of Edinburgh 
laid great emphasis upon this idea. Ordinarily when a patient gets into 
the hands of the consultant or the hospital physician things have gone 
too far for simple hygienic treatment, recource must be had to surgery 
or drugs. MacKenzie thinks that it is the special duty and opportunity 
of the practicing physician and particularly the family physician to 
investigate these troubles in their incipiency at a time when mild hygienic 
treatment may restore the normal status. Every one will admit that 
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this is the ideal thing to do, but it takes little consideration of the subject 
to make us realize also that it is a very difficult thing to do. To detect 
and interpret a minor deviation from the normal by the aid of subjective 
or objective symptoms is in itself a most intricate problem, when we 
remember the long period of time which may intervene between the 
initial symptoms and the appearance of the outspoken physical signs 
that reveal their significance, and when we remember also that the 
correlations thus indicated must be established by a large collection 
of cases. But were this much accomplished and were it possible to 
give a precise interpretation to early symptoms we should still be at a 
loss as to the proper hygienic measures to be adopted for the restoration 
of normal conditions. For the sake of an example let me use one of 
Mackenzie’s illustrations. Hardening of the arteries, arterial sclerosis, 
is a frequent defect in middle and late life. Even when it does not shorten 
life prematurely it interferes seriously with the ability of the body to 
meet the ordinary demands of living. When the condition has advanced 
so far as to be recognizable by obvious physical signs it is too late to deal 
with it satisfactorily. Its progress may be blocked by rigorous changes 
in the mode of living but it may be doubted whether any treatment can 
be devised that will restore completely the status quo ante. Suppose 
that by careful observations on blood-pressure or by other means we 
could detect the earliest stages of this trouble, long before it gave the 
patient any serious inconvenience. What remedial measures could be 
suggested? I do not think that at present we have sufficient knowledge 
to be sure of the answer to this question. The physician by long con- 
tinued observations and the use of the laborious method of trial and error 
might finally hit upon the right solution. But a shorter and surer 
method of reaching this same end would be to turn the problem over to 
laboratory investigators Let them determine which of the many 
abnormal conditions to which the arteries are subjected is responsible for 
the beginning of the trouble. Once this is determined and probably 
only after it is determined will it be possible for us to protect ourselves 
with any certainty from the development of this particular defect. What 
is true of this tissue is applicable to most of the other tissues and organs - 
of the body. We are asa matter of fact very ignorant in regard to what 
might be called the rules of right living, that is to say the kind of living 
that would maintain the functions of our body at the highest standard of 
efficiency. The working out and formulating of these rules constitutes 
the main objective of so-called personal hygiene. This term I fear has 
no very high place in the public estimation. The subject in fact has 
been somewhat discredited by the kind of literature that has been given 
to the public in its name. Part of it has been written by very ignorant 
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persons who have not hesitated to advertise themselves by publishing 
most foolish and fanciful methods of preserving or regaining health. 
But to my mind more harm has been done through the misdirected 
efforts of propagandists whose zeal is greater than their knowledge, and 
who in their effort to get something across to the public which in their 
eyes seems good are guilty of much virtuous lying. Personal hygiene to 
most persons means something dreadfully bromidic about brushing the 
teeth, or daily baths, or else it implies some one or other of the many 
novelties in health panaceas which like bad pennies keep constantly 
turning up when something better is needed. 


In reality personal hygiene is a subject of the greatest importance 
which has been much neglected and which calls for scientific study of 
the most exact kind. Preventive Medicine and Sanitation have suc; 
ceeded in adding a number of years to the average life. The expectation 
of life at birth has been increased during the last fifty years by 10 years 
years or more, largely through control of the infectious diseases of early 
life. But most of us would place an equal or higher value upon the kind 
of knowledge that would enable us to avoid those disabling defects and 
illnesses that bring about chronic invalidism or impair our physical 
efficiency, without killing us outright. The information that we have 
at present is derived in part from the accumulated experience of life, 
the results of a long series of experiments on the trial and error principle, 
and in part from mere obiter dicta of eminent physicians which are not 
based on sound scientific evidence and have therefore a very doubtful 
value. Science has knowledge and methods which if applied intelligently 
should add something of real importance to our inherited traditions in 
regard to the rules of living. An instance in point is found in modern 
work upon the vitamines. The study of a pathological condition, the 
oriental disease of Beri-beri, furnished certain ideas in regard to diet 
which have been extended by investigations in various directions until 
finally there has emerged the important truth that three, perhaps more, 
mysterious substances, grouped under the term vitamines are essential 
constituents of our food. A few years ago we felt that Science had 
uncovered all the facts necessary for the rational control of diet. The 
composition of the foods in proteins, fats, carbohydrates and salts and 
the energy value of these constituents in calories seemed to comprise all 
of the essential data for such calculations. But we know now that this 
was a hasty conclusion. In laboratories all over the world inquiries are 
being pushed rapidly in regard to the number, character and occurrence 
of the vitamines and this new knowledge will make itself felt, indeed - 
has already made itself felt in the dieting of both the well and the sick. 
Discoveries of this kind bearing upon the daily conduct of life may arise 
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at any time from serious investigations in any of the biological or phy- 
sical sciences, but they are to be expected mainly from work in the 
physiological sciences. In all schools of Hygiene and Public Health 
there should be physiological departments organized with this point 
in view. In recent years the triumphs of bacteriology in gaining an 
understanding of the infectious diseases have been so striking and their 
practical application has been so important that, for a while, the phy- 
siological opportunities have been overlooked. Schools of Hygiene 
have been chiefly schools of bacteriology and its related branches. In 
our new school at Baltimore recently established I am glad to say that 
we have borne in mind that work in public health has in the last analysis 
two great objectives, the control of communicable diseases on the 
one hand and the preservation of normal health on the other, and 
provision has been made for instruction and research along both lines. 

The few thoughts that I have presented so briefly and imperfectly 
have been intended as a plea for the importance of scientific research, 
particularly in its applications to public health. For many years the 
practical bearings of science upon our daily lives have been obtaining 
more and more recognition. The late war has served to demonstrate 
this relation and has even forced a sort of official acknowledgment of the 
necessity of governmental support of scientific research. 

We may anticipate therefore an increased demand for trained investi- 
gators, but in order to meet this demand it will certainly be necessary 
to improve the outlook for a scientific career. The work of investigation, 
of scientific discovery if you will, is the most difficult task offered to the 
human intellect. We can not afford to rely simply upon chance for the 
selection of men suitable for such work. Nor should we assume that 
impulses of idealism and altruism will drive into this career the minds 
most capable of penetrating the dark secrets of nature. High ideals 
unfortunately are no guaranty of high intellect. We should make a 
deliberate effort to discover scientific aptitudes and to hold out induce- 
ments that will attract the best minds. In some of our scientific societies 
we have discussed this matter with reference to the ways and means 
most likely to bring together the career and the mind adapted to it. 
Among the projects proposed one that seems to me to be most 
hopeful is to establish a popular scientific journal for the young, rich in 
illustrations and written for and edited by our most gifted men and 
women. We know perfectly well that the material we have to present 
is thrillingly interesting. This isa bold statement to make, for Heaven 
knows that much popular scientific literature is bone-dry, and what goes 
under that name in many of our journals is a disgrace to the writers and 
a sore affliction to the Scientist. But it can be done differently. Huxley 
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could write about a piece of chalk in a way to hold spell-bound any 
normal being young or old. If we can develop or find some men or 
women with the knowledge and gifts of expression of a Huxley or a 
Tyndall we shall be able to bring before the young generation the kind 
of literature that will reveal the scientific mind to itself—that will search 
out the young Miltons of science and save them from a mute inglorious 
end. And when they are found we must help them on the way by 
providing encouragement and removing obstacles. Heretofore the 
financial return to the scientific worker has been inadequate, hardly 
sufficient for a decent livelihood. This difficulty has been met in part 
in recent years by the creation of better paid positions in the industries 
and in the special research laboratories, but an unfortunate characteristic 
of this development is that it makes no provision for the training of 
young investigators. Now as formerly the new recruits in Science are 
educated in our universities. To make this training effective the univer- 
sities should be officered with our best scientific talent, and unfortunately 
there is an increasing difficulty in maintaining a high standard in this 
respect. The salaries offered by the universities are relatively small 
and the facilities and opportunities for research work are not usually so 
complete as in the industrial and the special research laboratories. There 
is a real danger therefore that our best men will be drawn away from the 
universities, and in this way the highest development and growth of 
research will be impeded. Another defect in the university positions 
lies in the complexity of the duties thrust upon the professor. Frequently 
he is overloaded with routine teaching and in addition is required to give 
much of his time to administrative details and perhaps to outside service. 
Work of this latter character is easy enough and pleasant enough but it 
tends to paralyze investigation. Research requires the best of a man’s 
thoughts and much of his time. But so soon as a man arrives at some 
eminence in his subject and is called to the headship of a department, he 
finds that much of his time and attention must be given to business 
details and to what Army officers call paper work. His leisure time for 
thought and invention is taken away, and if he surrenders too completely 
to these demands he gradually undergoes a process of deterioration. 
There is such a thing as the unmaking as well as the making of an inves- 
tigator; the organization of our universities at present is so constituted, 
it seems to me, as to offer conditions favourable to the making of young 
investigators, but favourable also to the unmaking of an experienced 
investigator if he happens to be the head of a large department. 

. In the industrial laboratories and the laboratories of special research 
investigation is the principal or the sole duty—in the universities on the 
other hand it is a secondary duty, something to be attended to between 
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times. Some teaching is an advantage to an investigator,—probably a 
great advantage, it keeps him from becoming too specialized and narrow 
in his subject, but much of the administrative work is a pure waste of 
energy and time with no compensatory advantages. And the worst 
feature of it is that it constitutes the badge of authority. Because he 
is the head the professor is the last court of appeal in all arrangements 
connected with the running of the department, and it is astonishing how 
numerous these details are and what a quantity of time it takes to set 
them straight. If the professor is good at such things he is in a fair 
way to be lost as an investigator—there is no end to the committee 
meetings and consultations and conferences to which he will be invited— 
all of which is very agreeable and useful but terribly destructive of time 
and concentration of thought. Another characteristic of scientific 
investigation that operates against its popularity as a career is the very 
natural difficulty of getting the public to understand its results. Public 
opinion can make a favourable or an unfavourable atmosphere for the 
development of any kind of human activity. I do not know how it is 
here but in the United States I should say that in general the atmosphere 
is unfavourable to a career in science. The scientific worker as a rule 
is held in small esteem by men of affairs, partly no doubt because he 
earns a small income and therefore makes a small show as regards the 
externalities of life. We are not so far advanced as to make many 
exceptions to our general rule of judging a man’s success and ability by 
- the financial return he enjoys. But the main difficulty doubtless lies 
in the technical character of his work which makes it more or less in- 
comprehensible to any one but a specialist. Scientific discoveries are not 
usually amenable to an immediate practical application with an assured 
money value, and yet that is quite generally the standard by which their 
importance is estimated by the public. I recall that one of our large 
universities determined upon one occasion to seek for an increased 
endowment. The raising of the money was turned over to one of the 
trustees. The plan that he evolved was to construct a list of the dis- 
coveries made in the various laboratories. He intended to take the list 
to a certain individual and by its aid to convince him that it would be 
a good investment to add to the endowment of an institution showing 
such useful productivity. The plan did not work out well—in fact it 
did not work out at all. The trustee made the rounds of the labor- 
atories and the professors explained what they had accomplished in the 
way of scientific discoveries. It was a very creditable record. Much 
had been done in the advancement of knowledge, but it did not meet 
the main purpose of the inquiry, for there was little that could be shown 
to have had an important application to the necessities or comforts of 
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life. And yet almost every one will admit that the great developments, 
in the business world and in the medical world originate in such tech- 
nical discoveries. The public must learn to appreciate that fact and to 
accept the valuation of scientific results from the hands of the experts 
and specialists who are in a position to make an intelligent judgment. 
Take the case of electricity; consider the extent to which it is used in the 
commerce of the world at present, and the amount of capital invested 
in it in one way or another, and then think of its small beginning and the 
long period of development before it was ready for the world’s use. It 
was forty years from the initial observations made by Galvani upon the 
cause of the mysterious twitching of frogs muscles brought into contact 
with pieces of metal, before Faraday made his great discovery that a 
magnet brought near a coil of wire will arouse in the latter an electrical 
current, and forty years or more after Faraday’s discovery before any 
really important practical use was made of it. We know now that 
Faraday's discovery was the beginning from which has sprung all of our 
great electrical apparatus for generating power. Faraday knew and his 
scientific contemporaries knew that he had made a great discovery, but 
who could tell then how great its practical value would be. You remem- 
ber the story told about him when demonstrating his result before a 
public audience. One of the ladies in attendance said to him—This is 
no doubt a very interesting experiment Mr. Faraday, but what use is it? 
“Madam”, said Faraday, ‘‘ what use isa new-born baby”? The answer 
was most appropriate. New discoveries in Science have potentialities 
of usefulness in the practical affairs of life, but whether or not these 
potentialities will be realized can not be fore-told. 

The duty of the Scientist is to discover any new truths that he may. — 
Every such truth is bound to have some importance and some of them 
will be of the utmost value to the world. Only by this method can we 
gain that more perfect knowledge and control of nature’s laws which is 
indispensable to the advancement and preservation of our civilization. 


PHYSICAL PROBLEMS WHICH ARISE IN STUDYING THE 
INFLUENCE OF ATMOSPHERIC CONDITIONS UPON 
HEALTH 


By A. NoRMAN SHAW, D.Sc. 


(Presented by Dr. A. S. Eve, C.B.E., F.R.S., F.R.S.C.) 
(Read May Meeting, 1920.) 


This article is written in order to plead for an increased interest and 
for a larger number of workers in the subject under discussion. The 
field of investigation has, indeed, such an important bearing on the 
health of the community, it contains so many unsolved but yet not too 
formidable problems, and there have remained almost undisturbed in 
the customary treatments of the matter, so many fallacies that it was 
considered of importance to call further attention to the whole question, 
to enumerate some of the simpler problems, and to discuss briefly a few 
of the difficulties which have been responsible for lack of progress in the 
past. | | l 

The study of the atmospheric conditions which determine human 
health and comfort, involves physiological, bacteriological, chemical 
and physical problems. The most general and practically inclusive 
physical problem which arises, is to determine the influence of variable 
surroundings upon the loss of energy from a heated thermo-regulating 
mechanism which possesses an outer hygroscopic surface of variable 
quality. It is thus closely allied to many other familiar problems which 
involve questions of radiation, convection, conduction and evaporation. 

The reactions of the different types of external changes on the internal 
animal mechanism are varied in character; and it is very important to 
note that the operation of the regulating mechanisms requires the 
special stimulus of a certain amount of continuous variation in the exter- 
nal conditions, without which the performance of their proper functions 
seriously deteriorates. It is evident therefore that a part of the main 
physical problem must be considered with reference to the physiological 
processes which are involved in the internal thermo-regulation. The 
influence of the chemical constitution of the air, and of the bacterial 
content likewise must be considered in conjunction with physiological 
data, but on the other hand although obviously affected by the physical 
conditions, they may quite logically be considered and investigated as 
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separate problems. It is, however, now generally accepted that the 
influence of impure air in badly ventilated places, is within the limits 
of all ordinary occurence, almost negligible in comparison with the 
consequences of the purely physical conditions. 

The examination of the various physical factors has been frequently 
confused on account of the failure to recognize that they should be con- 
sidered along the lines of the general problem which was stated above. 
Until recently the problems were attacked almost invariably by con- 
sidering the direct effects of altering successively the various conditions, 
but nearly always without paying sufficient attention to the accompany- 
ing or the induced compensations, some of which always took place 
within the internal mechanism and others of which might be produced by 
a readjustment of the external conditions. 

Let us consider some very simple examples of this prevalent confusion. 
It is a common observation and may also be deduced from the state- 
ments in many texts of good standing, that a rise in external temperature 
accompanied by a decrease in relative humidity, must necessarily lead 
to an increase in evaporation from exposed surfaces. This ts not neces- 
sarily true, even if the motion of the surrounding air is the same in both 
cases. The failure to grasp this elementary possibility at once, is appar- 
ently due entirely to a lack of appreciation of the fundamental quantities, 
and also to a noticeable vagueness very frequently associated with the 
use of the term relative humidity!. The factors of temperature and 
humidity with their general effects, have been familiar, but they have 
persistently been examined without proper reference to the whole of 
the problem in which their consideration is required. 

It should have been obvious in this example that the higher temper- 
ature could be such that the accompanying decrease of relative humidity 
might correspond to an increase in absolute humidity or vapour pres- 
sure, thus producing a decrease in evaporation from any moist surface 
kept at a fairly constant temperature. There would be an increase in 
evaporation if the relative humidity were sufficiently decreased to indicate 
that the absolute humidity was also lowered. The question of variation 
in comfort when there was an increase or decrease in evaporation would 
depend on the fundamental quantity of total heat loss from the body. 
If there is a change in the cooling due to evaporation when the surface 
is moist there are usually changes in the quantity of heat received by 
radiation and by direct contact with the surrounding air. Considered 
separately the influence of the factors on comfort are generally obscure, 
but in terms of the general problem the interpretation is clear. 


See A. N. Shaw, Relative Humidity, Trans. Roy. Soc. Can. Vol. II, pp, 121-127 
(1917.) 
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Sometimes an increased loss of heat from the body with the resultant 
impression of cooler conditions occurs when both the temperature and 
the relative humidity have risen. This is again quite understandable 
if we keep the general problem in mind. It may be ascertained that 
there has been a sufficient increase in the rate of air circulation to account 
for it; or there may have been a decrease in the incident heat radiation 
(e.g. as may often be found in passing from a room heated by good 
radiators to one heated by a hot-air system and indicated by a thermo- 
meter as apparently the warmer), or it may be found that the internal 
metabolism has been disturbed, so that less heat is conducted to the 
surface from within. 

Another fruitful source of misinterpretation occurs in the direct 
consideration of hygroscopic surfaces. The temperature coefficient 
of evaporation of water from a hygroscopic surface is not the same as 
from a free water surface; there is usually a difference in temperature 
on each side of any hygroscopic surface which is not in equilibrium with 
‘ts surroundings; and there is a simple sufficient condition that evapora- 
tion or condensation will take place until the absolute vapour pressures 
across the surface (or more correctly, across the equivalent thin heter- 
ogeneous layers) are equal in each direction. These three points have 
been overlooked or misrepresented to a surprising degree. 

In illustration of this a case is known of a manufacturer who went 
to a great expense on supposedly expert professional advice in the 
duplication of the atmospheric conditions which were stated to be 
favourable for a particular process. The average external temperature 
and humidities were duplicated successfully, but it so happened that 
the average temperature of the substance during the drying and other 
processes was not duplicated ; neither was the incident heat radiation 
nor the mode of air circulation. The result was that the artificial 
conditions of controlled evaporation and internal temperature differed 
nearly as much from those sought as did the previously uncontrolled 
arrangements. | 

Before going further,~—although it is not the intention at this time 
to review either original work or the work of others,—attention should 
be called to the report of Dr. Leonard Hill in 1919, to the Medical 
Research Committee for National Health Insurance (published by 
H. M. Stationery Office, London) entitled ‘‘The Science of Ventilation 
and Open Air Treatment.” In this extensive monograph there is 
presented a mass of original and also of collected data, which have 
been analyzed from the point of view of what has been called the main 
problem and which constitute one of the most advanced contributions 
on the subject. The work of the New York State Commission on Ven- 
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tilation (associated with the names of C. E. A. Winslow, D.D. Kimball, 
G. T. Palmer, F. S. Lee, J. A. Miller and others), and also of the Chicago 
Department of Health (under the direction of Dr. E. Vernon Hill), 
have appeared in numerous articles published by the American Journal 
of Public Health, the Journal of the American Society of Heating and 
Ventilating Engineers, the Journal of Industrial and Engineering 
Chemistry, Domestic Engineering, the American Journal of the Medical 
Sciences, the American Journal of Physiology and others. Some of 
these papers present an amount of elaborate investigation which should 
be reviewed most carefully by any prospective investigator. Further 
references are given at the end of this article. 

As the purpose of this article is to interest and to attract more workers 
to a fertile field, a list of a few of the simpler problems pressing for atten- 
tion is submitted below, together with the practical spur of some sug- 
gestions of procedure for several of them. i 


Problems 


(1) The variation of vapour pressure with temperature for all 
the characteristic hygroscopic substances should be thoroughly 
investigated. These data would be of great value in the develop- 
ment of several types of hygrometers, in the study of evaporation 
from skins and plant surfaces, and in the determinations of the mois- 
ture content of certain materials. 

It is suggested that thin specimens of a given hygroscopic 
substance be prepared with a very large sur'ace per unit volume. 
A calibration should then be made of several of them for changes in 
weight under the influence of varying external vapour pressure, — 
care being taken that the temperature of the substance is the same 
as that of the surrounding air, whenever a weight is recorded. 
This calibration can be made conveniently by suspending the 
specimen successively in a series of closed jars each of which contain 
at the bottom a diluted deliquescent salt of previously ascertained 
vapour pressure. The weight can be obtained with a delicate 
balance when equilibrium is reached, by means of a wire passing 
through a suitable long tubular hole in the top of the jar, which 
should be sealed between readings. 

One of these specimens will then constitute an accurate cali- 
brated hygrometer which will exhibit the same phenomena and the 
same peculiarities as the material to be examined. If it is then 
suspended in a jar which is kept at a constant temperature, and 
connected by a tube to another jar containing a similar specimen, 
it should be possible by varying the temperature of a bath round 
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the second jar and recording successively the equilibrium weights 
of each specimen, to determine the variation of the vapour pressure 
with temperature in such a manner that the usual errors are either 
eliminated or readily determined. 

The method of calibration has been successfully applied by 
the writer in the case of thin films of sulphuric acid, thin paper 
containing diluted calcium chloride, and thin paper containing 
diluted phosphorous pentoxide. 

The variation of the internal temperature of small volumes 
of hygroscopic materials, with difference in vapour pressure between 
its surface and the surrounding air, should be investigated. This 
is important because in many cases there is a surprising temperature 
variation during a very short interval of time after a sudden change 
in external vapour pressure has been produced. The data may also 
be utilized for purposes of hygrometrical determinations in small 
confined spaces. 

A thermo-couple method utilizing the type of hygrometer 
described above, should lead to definite results. This variation 
has been observed qualitatively in the case of bundles of hair, 
tobacco, fine shavings of wood, and small piles of powdered salts, 
but no systematic investigation has apparently been attempted. 

The influence of the average irregularity of a hygroscopic 
surface, on its vapour pressure requires investigation. This effect is 
appreciable in the case of hard surfaces which may be found either 
smooth in one instance, or covered with sharply peaked irregularities 
in another. 

A series of observations with the microscope on the rate of 
evaporation of curved surfaces of hygroscopic solutions, of known 
concentration and of various curvatures, could be obtained under 
known conditions at the end of capillary tubes for the purpose of 
comparison with the elementary theory of the influence of curvature 
on vapour pressure. A record of the variations in vapour pressure 
from coarse surfaces which absorbed the same solution, could 
then be interpreted. Great care is necessary in all experiments. of 
this type to eliminate or to control the effects of incident radiation, 
and irregular convection. 

With most systems of ventilation “convection” heating in 
buildings leads to a condition where the air is warmer than most of 
the surrounding objects, in “radiation” heating the converse is 
usually the case. As the latter condition is probably the more 
healthy, and as the former condition is the more prevalent in this 
country, there is obviously need for development. 
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In the design of hot-water radiators now in general use, the ratio 
of the heat supplied by convection to that supplied by radiation varies 
considerably with surrounding conditions. A thorough investi- 
gation of this question would be of value. In the past it appears 
that many of the improvements have been limited by economic 
pressure merely to modifying existing systems progressively. 
The systematic testing of a series of radical designs is required. 
Theoretical considerations lead to the suggestion of many unfamiliar 
types. 

A simple method of investigating the loss of heat from a radiator 
in such a way that many of the usual difficulties are avoided is as 
follows. Fill a small model of the radiator with cold water and fit 
it with thermometers; place it in a large bath of hot water kept at 
constant temperature and obtain a “warming up” curve; do the 
same in a large enclosure of hot air kept at constant temperature; 
place the model in a jar and do the same experiment before and 
after evacuation of the jar; repeat the series with the temperature 
conditions reversed and get “cooling” curves; examine also the effect 
of increasing the natural convection in the enclosure. The analysis 
of the “cooling” and “warming up” curves should lead to more 
accurate results than are to be obtained from the application of the 
available formulae and published data. The effect of the nature 
of the surface on the emissivity could be studied at the same time. 
Engineering tables give most conflicting data with regard to the 
influence of the surface. 

Experiments of this character can be developed to check for- 
mulae of general interest and importance. Information regarding 
the temperature coefficiencts of radiation and convection could be 
obtained, and the objective reality and the general characteristics 
of the special films of air which are supposed to adhere to the sur- 
faces of warming or cooling bodies, could be determined with the 
aid of small thermocouples. The design of methods of procedure 
which lead to the elimination of external losses from consideration, 
should be the chief concern in such experiments. 

The influence of small atmospheric eddies and general turbulence 
on the validity of the theoretical and of the empirical formulae which 
are applicable to convection problems, requires extensive exami- 
nation. The interpretation of such instruments as the kata- 
thermometer and the caleometer under turbulent open air condi- 
tions is still in an unsatisfactory state, and it is of importance that 
the data obtainable with such instruments which are so valuable 
in the quieter conditions, should be ascertained more definitely 
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for open air conditions. The determination of corrections for 
incident radiation, and surface emissivity constitutes one of the 
chief difficulties in the work. 

A radical simplification in the design and operation of these 
instruments is also essential before they can pass into the general 
usage which they deserve on theoretical grounds. An instrument 
which virtually requires the performance of an experiment in order 
to obtain a reading, or which requires skilled attention, is very 
difficult to introduce into customary usage. Readings must be 
available instantly on a scale or dial, and the expense must not be 
prohibitive. Although this particular field of work as a whole 
is dificult both theoretically and experimentally, there are many 
pieces of information that are worth securing and which should 
require little more than a kata-thermometer, a pitot-tube, an 
electric fan, an electric heater, an aspiration hygrometer and the 
facilities for enclosing the instrument in vacuo. 

Devices which when desired can be made to insure a more 
definite avoidance both of ‘‘monotonous” conditions, and of ‘‘monot- 
onous’’ variations in the large calorimeters used for metabolism 
experiments, are required in conjunction with the means of knowiug 
exactly what conditions are being produced. At present the 
results of the best investigations are somewhat in disagreement, 
very largely on account of uncertainty about this matter. 

The theory of the atmometer and its relation to the cooling 
and evaporative power of the surrounding atmosphere on other 
surfaces, requires considerable amplification with reference to the 
points which have been indicated in regard to hygroscopic surfaces. 

The influence of the atmospheric conditions on the electrical 
state of surfaces and small particles, requires more attention. 
The circulation of dust particles 1s very greatly influenced by the 
electrical charges which they obtain in dry moving air. The 
critical conditions which lead to extreme static charging of surfaces, 
are not completely understood, and in many manufacturing pro- 
cesses area source of danger. Very little attention has been paid to 
the possible reaction of the surface electrical conditions which are 
created in turbulent arid atmospheres on the subcutaneous nerve 
endings. Ionization experiments alone will not suffice in dealing 
with such problems; questions of surface electrical conductivity 
arise and lead one at once into the large field of problems which 
nvolves the simultaneous consideration of the surface electrical 
conductivity, the concentrations of conducting medium, and the 
surrounding conditions. 
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(9) One definite problem along these latter lines, is the development 
of a precision electrical hygrometer. The writer has developed 
electrical hygroscopes, based on the variable conductivity of thin 
films of hygroscopic solutions exposed to the atmosphere, which 
indicate changes in humidity of one hundredth of one per cent., 
but owing to ignorance about the behaviour of the conflicting 
factors, and the experimental difficulties involved in conductivity 
measurements of this character, they have not yet been developed 
further. 
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Hill, L., and Hargood-Ash D. ‘On the Cooling and Evaporative Powers 
of the Atmosphere.” Proc. Roy. Soc. Lon. B., vol. 90, pp. 438-447. 
(1919.) 

Hill, L. “Science of Veritilation and Open Air Treatment.” Report 
to Medical Research Committee for National Health Insurance 
(Pub. H. M. Stationery Office). 

The reports and various papers under the auspices of the New York 

State Commission on Ventilation, and those of the Chicago department 

of Health, present the most recent American contributions to the subject, 

and also give further useful references. The final analysis and the cor- 
relation of these extensive investigations are eagerly awaited. Careful 
reference should be made to the journals listed on page 4 and also 
to the Monthly Weather Review for the past six years, as a very large 
number of their articles have either a direct or an indirect bearing on 
this work. | 

The recently published text-books, “‘Manual of Meteorology,” by 
Sir Napier Shaw (Cambridge University Press), “Physics of the Air,” by 
W. J. Humphreys (Lippincott), and “The Principles of Aerography,”’ 
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by A. McAdie (Rand McNally), should be consulted for additional 
‘references and for admirable resumes of recent meteorological progress. 
Inspiration for many pieces of research will also be found in these volumes. 


SUMMARY 


The object of this paper is to attract more workers to a very important 
field. The need for further investigation is great, and emphasis is laid 
upon the necessity of eliminating the frequent errors in certain experi- 
ments which are concerned with the gain or loss of heat. Examples and 
advice are given, particularly with reference to the proper discrimination 
between conflicting factors, to the treatment of humidity questions, and 
to the determination of the characteristics of hygroscopic surfaces. 

The following list of nine problems requiring attention, are suggested 
as leading to researches which could be undertaken in any laboratory, 
and from which ‘‘results’’’ would be almost certain. Comments and 
some details in regard to the general object and the possible procedure 
are given in each case. 

(1) The variation of aqueous vapour pressure from characteristic 
hygroscopic substances with changing external temperature. 

(2) The variation of the internal temperature with the difference in 
aqueous vapour pressure between that of the surface and the surrounding 
air, for small volumes of hygroscopic materials. 

(3) The influence of the irregularity of a hygroscopic surface upon 
its vapour pressure. 

(4) Simple methods of measuring total heat emission. 

(5) The influence of turbulence and incident radiation upon instru- 
ments for measuring the rate of heat loss from bodies. 

(6) The improvement of the physical apparatus employed in the 
calorimeter experiments on metabolism. 

(7) The applications of the atmometer. 

(8) The influence of atmospheric conditions upon the electrical state 
of a surface. 

(9) The development of electrical hygrometers for precision work. 
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THE SMELTING OF TITANIFEROUS IRON ORES* 
By W. M. Goopwin 


Presented by Dr. R. F. Rutran, F.R.S.C. 
(Read May Meeting, 1920) 


INTRODUCTION 


National commercial independence rests to a great extent upon a 
domestic production of coal and iron. This fact, brought home so 
clearly to all nations since 1914, is now stirring leaders in science and 
industry throughout Canada. For her supplies of both these essential 
commodities, Central Canada is at present dependent upon her friendly 
neighbour, the Unjted States. The coal supply of Ontario and Quebec 
must always be brought in, preferably from the sister provinces; but a 
domestic supply of iron and-steel from native ores is not only feasible, 
but according to many thoughtful students of the question, expedient 
at the present time. 

It is now commonly realized that the bulk of the iron ores of Central 
Canada must be subjected to some form of beneficiation to make them 
suitable for the present methods of smelting. A great deal of time 
and energy, to say nothing of money, have been spent in attempts along 
this line, with only a fair measure of commercial success. There is 
another line of endeavour, though, on which little or no work seems to 
have been done. 

A philosophical metallurgist has pointed out! that metallurgical 
development has had a tendency to advance hindside foremost and that 
often it has taken years for an indirect application of an old process to 
a new purpose to become changed into a simpler process directly suited 
to that purpose. Thus for many years attempts have been made to 
use titaniferous iron ores in the blast furnace, mainly in mixture with 
non-titaniferous ores. The large tonnages of titaniferous ores available 
at low prices offer an inducement for their utilization that can have been 
offset only by real troubles that developed when their use was attempted. 


*Research carried on under the auspices of the Advisory Research Council, with 


whose permission this paper is published. / 
ide Alzugaray, J. Baxeres—‘‘Direct Preparation of Ferro-Vanadium Alloys’”—Min. 


- & Eng. World, Vol. XLI, 1914. 
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The obvious solution of this difficulty is to develop a method of smelting 
that will suit these ores. The size of these deposits as they occur in many 
countries warrants a considerable effort along this line, particularly in 
Central Canada, where titaniferous iron ore comprises such a large 
fraction of our iron ore resources. 

For some time past there has been in progress in the laboratories 
of Queen’s University an attempt to find a method of smelting suited to | 
titaniferous iron ore. This work has been based upon a study of the 
chemical relations of the elements involved, rather than upon the results 
attained in any accepted method of iron production. It is now realized 
by progressive metallurgists that the laws of solutions, as worked out 
for liquids at ordinary temperatures, apply equally well to solutions at 
high temperatures, such as slags.! That the solution which is the slag 
is the predominant factor in the smelting of iron, is well put thus. ‘The 
production of a high-grade slag means the production of a high-grade 
pig-iron. Scientifically considered, the blast furnace is primarily a 
machine for manufacturing slag, the pig-iron being a necessary by-pro- 
duct.”? The gangue materials of the average titaniferous iron ore 
consist essentially of titania, silica and alumina, with magensia next in 
importance and lime in comparatively insignificant amount.’ If a satis- 
factory slag can be made consisting essentially of the same ingredients 
in like proportions, then ideal smelting conditions for this ore will have 
been provided. : 

An examination of Mendelejeft’s periodic arrangement of the ele- 
ments shows that calcium and magnesium are on the basic side of the 
table, and that aluminium is inclined that way. Silicon and titanium, 
in the central group, may swing either way. But experience has shown 
that, while aluminium and titanium are truly amphoteric, silicon has a 
decidedly acidic tendency. Thus, in iron blast-furnace practice, silica 
and lime are made the major constituents of the slag, and flux one another 
satisfactorily, with the help of smaller amounts of alumina, magnesia, 
ferric oxide and so on. Now, to get the ideal slag for the ores under 


1Johnson, J. E., Jr.—‘‘Principles, Operation and Products of the Blast Furnace.” 
1918, Page 21. 

Feild & Royster—‘‘Slag Viscosity Tables for Blast Furnace Work.” U.S. Bureau 
of Mines, Tech. paper 187, 1918, page 5. 

Morey, G. W.—‘“‘Solubility and Fusion Relations at High Temperatures and 
Pressures.” Jour. Engineers’ Club of Philadelphia, Nov., 1918. 

2Feild & Royster, as above, page 14. 

*Pope, F. J.—“‘Investigation of Magnetic Iron Ores from Eastern Ontario.” Trans. 
A.I.M.E., 1899. 

Singewald, J. T., Jr.—‘‘The Titaniferous Iron ores in the United States.” U. S. 
Bureau of Mines, Bull. 64—1913. 
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consideration, it ought theoretically to be possible to induce titania to 
act, with lime and magnesia, as a base. The obvious means of effecting 
this is to provide sufficient silica. to flux the titania, lime and magnesia, 
the alumina being considered, as usual, as either acidic or basic, and an 
adjunct in providing a fluid slag. This is the line of reasoning that has 
led the writer and his associates to follow the line of investigation 
outlined in the following pages. 

Acknowledgment must here be made of the active and continued 
co-operation in this research of Dr. W. L. Goodwin, Prof. A. F. G. 
Cadenhead and Dr. C. W. Drury, all of Queen’s University. Without 
their co-operation the work could not have been undertaken. 


LITERATURE ON THE SUBJECT 


Though it is a matter of such general importance, comparatively little 
has been published concerning the smelting of titaniferous iron ores. 
A good bibliography is given by Dr. Stansfield! and numerous references 
by Bradley Stoughton? and J. T. Singewald, Jr.. The results of previous 
investigations are summarized here in chronological order. 

- From time immemorial titaniferous iron ores have been used in 
the ancient forges of Norway and Sweden to produce iron and steel.‘ 
Even when the blast furnace came into use, they were successfully 
treated in the new apparatus, and a variant of the accepted smelting 
practice of the time (1847) is described by Dr. Forbes, who used quartz 
in addition to limestone to flux the ore. From 1840 to 1846 a furnace was 
operated on the Adirondack River, using titaniferous ore from the 
Sanford Hill deposits, with limestone and labradorite as flux.’ This 
furnace was closed down for financial reasons only. Another such 
attempt that was a metallurgical success but a business failure was made 
at Norton in England, where Dr. Forbes in 1868 successfully smelted 
Norwegian ilmenite, using limestone and old bricks as flux and producing 
a fluid slag very near the mineral sphene in composition.’ 


Stansfield & Wissler—‘‘The Smelting of Titaniferous Ores of Iron.” Trans. Royal 
Soc. Canada, Vol. 10, 1916. l 

"Stoughton, Bradley—‘‘The Smelting of Titaniferous Iron Ores.” Trans. Can. 
Min. Inst., 1915. i 

*Singewald, J. T., Jr., as above. 

‘Sjogren, H.—“Geological Relations of the Scandinavian Iron Ores.” Trans. 
A.I.M.E., XXXVIII, 1907, page 813. 

‘Forbes, David—‘‘On the Composition and Metallurgy of some Norwegian Titani- 
ferous Iron Ores” Chemical News, Dec 11, 1868. 

‘Rossi, A. J.—‘‘Titaniferous Ores in the Blast Furnace.” Trans. A.I.M.E., Vol. 
XXI, 1892-3. 

"Bowron, W. M.—"The Practical Metallurgy of Titaniferous Ores.’ Trans. 
A.I.M.E., Vol. XI, 1882-3. 
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The first attempt to solve the problem of smelting these refractory 
ores along modern scientific lines was that of Dr. Rossi, ! in 1892, 
With the idea of producing titanates as well as silicates in the slag, that 
is to say, considering titania to act as an acidic constituent, he made a 
long series of pot tests to compare the relative fluidity of various slags 
made of weighed quantities of pure slag-making materials. These were 
followed by a run in a small experimental blast furnace, where good iron 
and fluid slags were made in spite of difficulties in the operation of such 
a small furnace. These results stimulated further work and in 1906 
Cox and Lennox? made extensive cone tests with slag-forming mixtures 
that corroborated and extended Rossi’s information. Pyrometers for 
measuring high temperatures, now available for the first time, were used 
to check the temperatures at which the cones softened. 

A most refined method of determining the characteristics of rock 
and slag-forming materials, is that developed by the Geophysical Labor- 
atory of the Carnegie Institute in Washington.* Fluid melts of various 
compositions are quenched from measured temperatures, and the con- 
dition of the molten material, stabilized or ‘‘frozen’’ by this means, is 
examined with the microscope. No mixtures containing titania have 
yet been examined at the Geophysical laboratory; but in Petrograd, 
Smolensky has investigated by this means mixtures of the titanates 
and silicates of calcium, manganese and barium.‘ An application of the 
method to the essential constituents of titania-bearing slags would no 
doubt yield much information of scientific and practical importance. 

The most extensive and conclusive test to date of the use of titani- 
ferous iron ore is that conducted by Bachman at Port Henry, New York, 
in 1914.5 It was found that this ore, mixed with ordinary magnetite 
up to five sixteenths of the total, did not interfere in any way with the 
normal working of the furnace, the flux being, as usual limestone. 
Another extensive large-scale test using titaniferous magnetic sand was 
made in New Zealand in 1918° using limestone and a silicious volcanic 
rock as flux. 


1Rossi, A. J., as above. 

2Cox, C. N. Jr., and Lennox, L. C.—‘‘Tests of Titaniferous Slags.” Electrochem. 
and Met. Ind., Vol. IV, 1906. 

Rankin, G. A —‘‘Portland Cement.” Jour. Franklin Inst., June, 1916. 

Bowen, N. L.—“The Binary System NazA':Siz0s—CaAl;Si,Os."" Amer Jour. 
Science, Vol. XX XIII, June, 1912. 

‘Smolensky, S.—'‘Schmelzversuche mit Bisilikaten und Titanaten.” Zeitschr. 
anorg. Chem., Vol. 73, 1912. 

‘Cone, E. F.—‘'Titanium Ores in the Blast Furnace.” Iron Age, October 22, 1914. 

‘Aubel, V. W.—"‘Titaniferous Iron Sands of New Zealand.” Bull. A.I.M.E., 
Sept., 1919. 
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The most complete information available about the softening points 
of mixtures containing titania is given by Dr. Stansfield. His investi- 
gation also included two furnace runs from which he concluded that 
silica as well as limestone should be used to flux the ore. __ 

Accepting the idea that the slag is the proper point of attack in 
attempting to smelt an iron ore, a comparison of the slags produced in 
the furnace runs quoted above will be instructive. 


TITANIA SLAGS 


I II IiI(a) IIN(b) IlN(c) IV V VI 
FeO 3.46% 1.86% 13.50% 12.50% 6.30% ........ *2.76% 1.15% 
SiO. 26.72 27.83 41.27 21.71 22.16 28 36.75 32.40 
CaO 25.81 24.36 8.88 18.38 9.51 ........ 22.65 35.80 
MgO 5.99 0.60 5.42 9.05 5.34 ........ 2.67 6.36 
AlO, 11.86 9.18 16.50 13.76 15.58 **14 10.14 15.17 
TiO. 25.11 36.18 14.96 24.73 40.81 10 25.16 7.09 

98.95% 100.01% 100.53% 100.13% 99.70% 100.13% 97.97% 


(*Fe O reduced to normal.) (**+Fe 0). 


I McIntyre furnace, Adirondack River, 1840-56. 

11. Norton, England—1868. 

III. Rossi, Perth Amboy, N. J.—1892. 

(a) First slag from run. 
(b) Slag, first eight hours of run. 
(c) Slag toward end of run. 

IV. Bachman’s run, Port Henry, N.Y.—1914. 

V. Stansfield’s run, Montreal, 1916. 

VI. Run on Taranaki sands, New Plymouth, N.Z., 1918. 

Of these slags, I, II, III (b), and V are much alike, in that the pro- 
portions of silica, lime plus magnesia, and titania in each are nearly equal, 
and so the composition of the slags is approximately that of the mineral 
sphene. This result was arrived at in I by empirical means; in II 
deliberately, in imitation of the easily fusible mineral; in III (b) and Vby 
calculation, following pot tests and cone tests. IV and VI follow regular 
iron blast-furnace practice with titania as a minor constituent. III (c) 
shows very high titania, at the expense partly of silica and partly of 
lime. In each of these cases the operator or investigator has conceded, 
by accident or by design, that a fairly high percentage of silica is necessary 
in order to get a fluid slag. The slag III (a) only, which Rossi obtained 
accidentally by fluxing the lining of his furnace, brings out the point that 


1Stansfield, A., and Wissler, W. A.—‘‘The Smelting of Titaniferous Ores of Iron.’ 
Trans. Royal Soc. Canada, Vol. X, 1916. 
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has proved of value in the present experiments, namely that there 
are fluid slags consisting essentially of silica, titania and alumina. 


METHODS 


A brief account of the means and methods used in attacking this 
problem follows. With an object in view other than the simple pro- 
duction of pig-iron, a careful study was made of the chemical relations 
of the various materials composing the ore, as set down above. Labor- 
atory tests were made, and these led to the undertaking, under private 
auspices, of smelting tests on a small commercial scale. The slags so 
produced seemed worthy of detailed study, and the interest and financial 
aid of the Advisory Research Council were obtained for this purpose. 
The study is still far from complete but the results to date are believed 
to be of sufficient public interest to warrant the presenting of this paper. 


FURNACE 

Since the softening points of synthetic mixtures representing slags 
has been thoroughly investigated!, and since the relation between such 
determinations and the fluidity of actual slags is an unknown factor,’ 
it was decided to approximate as closely as possbile to large-scale smelting 
conditions from the beginning. The electric furnace was chosen as the 
best means of smelting for several reasons. First and foremost is the 
fact that with even a small electric furnace, high temperatures can be 
got with comparative ease. Then it is to our advantage in Central 
Canada to have, if possible, smelting methods independent of imported 
coal. Another cogent reason for adopting the electrical method is that 
it is a “coming” method. As has been stated aptly by more than one 
authority (possibly enthusiasts), if our knowledge of electric furnace 
operation approached in completeness our knowledge of the blast fur- 
nace, the latter would soon be an obsolete appliance. The raw materials 
used were prepared in no especial way, being such as would be used in 
large-scale practice. 

The furnace, built for this purpose, is an iron box, balanced on 
trunnions, lined and roofed with silica brick round a crucible nine inches 
in diameter. The pouring spout serves also as charging door. Single- 
phase electric current is supplied at any desired voltage through a 
graphite electrode built into the bottom of the furnace, and an adjustable 
electrode of two inches in diameter through the roof. The power used 


1Stansfield & Wissler; Rossi; and Cox and Lennox, as above. 

2Feild, A. L., —‘‘A Method for Measuring the Viscosity of Blast-Furnace Slag at 
High Temperatures." U.S. Bureau of Mines, Tech. Paper 157, 1916. 

Cox and Lennox, as above. 

Johnson, J. E., as above, p. 202. 
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in these experimental runs has been from 30 to 60 kilowatts, at 60 volts. 
The furnace is heated thoroughly before charging ore by means of 
passing the current through a resistant bed of charcoal between the 
electrodes. This preliminary heating takes several hours, even when 
the furnace is dry and warm from previous operation. When the fur- 
nace walls are sufficiently hot, ore, charcoal and flux, mixed in appro- 
priate proportions, are fed between the electrodes, slowly enough to 
prevent any undue chilling of the crucible. Until a fluid bath of resist- 
ant slag is formed, it is usually difficult to regulate the current passing 
through the furnace. When the charge has been completely smelted 
(usually a matter of three or four hours with 100 Ibs. of ore), the metal 
and slag are poured into pots or molds by tilting the furnace. 


— 


PRYOMETER 


The temperature of the bath of metal and sfag has been determined 
by sighting on the lining of the furnace immediately after pouring, with 
an optcal pyrometer. As the volume of slag and metal is small, it 
chills on leaving the furnace, and no reliable readings of temperature can 
then be obtained. The instrument used is the F. and F. optical pyro- 
meter of the Scientific Materials Company. It is a modification of the 
Wanner pyrometer, which makes use of the principle that ‘when the 
temperature increases, the wave length of every mono-chromatic radi- 
ation diminishes in such a way that the product of the temperature and 
the wave length is constant.”! By means of an arrangement of lenses 
and Nicol prisms, red light from a six-volt incandescent lamp is viewed 
through an eye-piece side by side with the same red light from the hot 
body whose temperature is to be measured. A Nicol analyser in the 
eye-piece is rotated to make the two reds alike, and this angular move- 
ment, indicated on a graduated circle, is marked to correspond with 
degrees of temperature. The small electric lamp in the instrument is 
calibrated occasionally against a flame of standard amyl acetate, using 
a resistance to vary the current from the storage battery. This method 
of measuring high temperatures is said to be accurate if reasonable pre- 
cautions are observed. 


ANALYSIS 

As no existing method of complete analysis was found suitable for 
ores and slags high in titanium, the investigation had to be preceded by 
the working out of such a method. As the result of several months of 
analytical research on the part of W. L. Goodwin and A. F. G. Cadenhead, 
existing schemes of analysis were modified and adapted to this purpose 


1Burgess—‘' Measurement of High Temperatures.” 1912, p. 315. 
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in a satisfactory way. Titania is what causes trouble throughout, 
unless special precautions are taken. 

The practical detail of analysis has been taken mainly from publica- 
tions of the United States Steel Corporation,! the items being modified, 
re-arranged and altered as found necessary. 

The analysis of the pig-iron produced for carbon, silicon and titanium 
presents no difficulties, and the procedure as laid down by the United 
States Steel Corporation,! has been followed. 


RESULTS 
Raw MATERIALS 


For the purpose of this investigation, a two ton lot of titano-mag- 
netite from an Eastern Ontario deposit was crushed, sampled and 
analyzed, with the following results. 


ANALYSIS OF IRON ORE USED 


Fe;O, (assumed)... 2.0000. ees 66.59% 
1 16 Pat E oe Pere coer ee ra eee 7.40 
CAO E aici a ue cate dees DONO RS OA E 3.42 
MSO aioe ood eg ee tee ee Lee eas 4.73 
PTS 6 spare Bia ccase caters a a naa ee ee SE 5.81 
MAO EEEIEE dit dese eo et are latent daa ert 11.80 
DYN INO casita cstv ds a cee BR a ete S OO soe rte 0.36 
100. 11% 


A half-ton lot of common building sand was sampled and analysed 
for use as flux. 


ANALYSIS OF FLUX (sand) 


Oe AREETA ed Weide dase ae vee 69.0 % 
CiO oot rie or cantare dre edad r ae nee 10.30 
MeO gicas fecha stot anbiaies is ETE 2.64 
ARO eee ana e Ae eae Bae Ada a A 8.29 
90.23% 


FeO,K.O, Na,O and CO, not determined. 


1U. S. Steel Corp.—‘'Methods for the Commercial Sampling and Analysis of— 
“Pig Iron,” 1912; “Iron Ores,” 1912; “Plain Steels,” 1914; “Alloy Steels,” 1915; “Slags,” 
(not yet published). 
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Hardwood charcoal, as prepared by the Standard Chemical, Iron 
and Lumber Co. was used as reducing agent. It analysis was assumed 
to be that of the average hardwood charcoal, with 1 per cent. or less of 
ash.! 

To provide a basis for charge calculations, some slags that had proved 
satisfactory in former tests were analysed, with results as follows. 
These tests had been run in an empirical way, without a complete 
analysis of the materials used. 


SLAGS FROM FORMER TESTS 


B. 31 B. 33 
FEO’, gare lesricrercarats 2.30% 3.96% 
SiO; 4. Segal det ceceen 42.25 36.61 
CaO ah erent Sea tata ta tens 6.85 7.55 
M0 s42creu0d sas ncusgs eee 9.19 10.29 
Al,O; caster ware E EE 15.23 16.61 
NOs. i pavecreteen acne TERE 20.80 22.55 
MnO...... E TETT 0.80 0.70 
Oe ee ee er 0.60 0.20 


98.02% 98.47% 


The furnace charge was simply calculated as below. The amount of 
ash in the charcoal was taken as too small to be considered under the 
circumstances. It will be noted by reference to the analyses of slags 
produced from this charge as determined later that they approximate 
fairly closely to the slags as calculated. 


100 Ibs. Ore Remainder in | 20 Ibs. | Total in Composi- 


Contains |! Pig Iron lag Sand’ | in Slag | "gof 
Fe 48.27 lbs.) 47 lbs.| 1.6 Ibs. (FeO)|........ 1.6 Ibs) 3.4% 
SiO; | 7.40 5.3 | 2.1 13.8 {15.9 33.5 
CaO |3.42 |........ 3.4 2:1 5.5 11.6 
MgO | 4.73 Pavan Gal 0.5 5.2 11.0 
AlO; | 5.81 |........ 5.8 1.6 7.4 15.6 
TiO, {11.80 |........ 11.8 Bite ee. 11.8 24.9 


1Johnson, J. E., as above, page 50. 
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Propucts OF RuNs 

It was found that by observing reasonable precautions the above 
charge smelted satisfactorily in the electric furnace used, producing 
ordinary grades of pig-iron and fluid slags. Four runs have been made 
and the products analysed. The slag and pig-iron from the first run 
are number G1 and G2 respectively; G3 (slag) and G4 (iron) from the 
second run and soon. In the fourth run (samples G7 and G8) the charge 
was fed too rapidly into the furnace with the consequence that the 
crucible was chilled and only an imperfect separation of iron and slag 
took place, part of the reduced iron, including a small amount of slag, 
remaining ‘‘frozen’”’ on the bottom of the furnace after pouring, and a 
small percentage of ‘‘sponge metal” remaining in the slag, as indicated 
in analysis G7, where a normal amount of the ferrous oxide determined is 
recorded as such and the remainder of the iron assumed to be in the 
metallic state. 


ANALYSIS OF SLAG FROM RUNS 


G1 G3 G5 G7 @ bd © 
FeO........ 2.9% 4.0% 3.7% 3.1%...... nace 3.46% 


Si.Oz.. 44.5 35.3 35.6 36.2 33.% 35. % 26.72 
CAO ses ats 7.0 6.1 8.1 8.4 41. 40. 25.81 
MgO....... 13.2 12.1 10.8 10.6 11 5.5 5.99 
Al,O3....... 13.8 17.5 15.9 16,9 12 13. 11.86 
TiOg...... . 17.4 26.1 25.6 2T uae aeia 25.11 
MnO....... 0.3 0.3 0.6 OA o Shee antrine roe TGA 
99.1% 101.4% 100.3% 97.3% 
Fe (asumed)............ 5.0% 
102.3% 


(a) Average iron blast-furnace slag, after Bradley Stoudhton.! 
(b) Average iron blast furnace slag, after Feild & Royster.” 
(c) Slag from McIntyre furnace, Adirondacks. 


In the above table the composition of regular blast-furnace slag and 
of the slag produced in a typical and successful commercial operation 
with a titaniferous ore, are given for comparison. It will be noted that 


1Stoughton, Bradley.—‘‘Metallurgy of Iron and Steel,” 1908, p. 37. 

*Feild & Royster.—“Slag Viscosity Tables for Blast-furnace Work."—as above, 

p. 17. : 
*Rossi, A. J., as above. 
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the main difference between the average blast-furnace slag and the new 
slag is that in the latter titania is substituted for the major part of the 
lime of the former. The slag from the McIntyre furnace has taken this 
substitution only part way, and has a considerably lower silica content. 

Slag G1 has more silica than provided for in the charge. In this, 
the first run with a new lining, the brick was corroded to provide the 
extra silica. In spite of the high percentage of silica, the slag was nor- 
mally fluid. 

These slags are invariably black and heavy. The weight is accounted 
for by the high content of titania, the specific gravity of rutile (TiO,) 
being 4.2. An examination under the microscope shows the black 
colour to be due to a multitude of minute particles of iron oxide, which 
make it opaque as well. In one of the slags, well formed crystals were 
produced, but their opacity made an optical examination impracticable. 

The reduction of the lime to the position of a minor constituent is 
the feature that makes this slag radically different from those used here- 
tofore. Dr. Rossi in his experimental run had similarly low percentages 
of lime, but reduced the silica correspondingly, and considered titania 
to be the equivalent of so much silica in the chemical reactions involved. 
In the present case, the titania acts as so much lime. 

It is probable, though not yet proved in this investigation, that the 
comparatively high percentage of magnesia tends to make the slags more 
fluid. If so, this will conform to the unanimous conclusion of those who 
have already investigated this point in connection with titania-bearing 
slags. The percentage of alumina present, too, is near the amount 
commonly considered beneficial in a slag. 


ANALYSIS OF PIG-IRON FROM RUNS 


Standard Pig-Iron* 


Foundry Basic Acid 
G2 |G4 |G6 |G8 No.1 | Forge O. H. Bessemer 
C |2.53|2.53|2.56133.04| 3 to 4% | 3 to 4% |3.5 to 4% |3.5 to 4% 
Si 14.99⁄3.91|1.28/1.90| 2.75 |0.75 to1.75| under (0.80 to 2.00 
| 1.00 % 
Ti 10: 02\0. 020-0 NH 020Ul a.a Wl a enad ous I aye meee lf adie 


*Stoughton, Bradley.—‘‘ Metallurgy of Iron and Steel,” page 104. 
The proportions of carbon and silicon in the pig-iron produced in 


these tests does not conform strictly to any of the recognised standards. 
From a consideration of the physical properties as given further on, it 
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seems that this iron might be suitable for some foundry purposes, in 
spite of discrepancies in the composition. The greatest use, though, 
would seem to be for conversion into steel. Titaniferous ores are com- 
monly very low in phosphorus and sulphur, and this iron might be 
useful in the acid Bessemer process, and so help to restore the cheapest 
known method of steel production. 

The amount of titanium in the iron is so small that it seems prob- 
able this metal is accidentally included with particles of slag rather than 
alloyed with the iron. All the determinations to date of titanium in 
iron and slag uphold the theory advanced in the introductory part of 
this paper, namely that by producing the proper conditions in the 
molten materials of the furnace this amphoteric element can be made to 
go completely into the slag solution if desired. The high percentage of 
silica and low proportion of lime is the necessary condition in this case. 

The physical properties of the pig-iron have been examined in only 
an incidental way, but the results, considered in connection with the 
composition, are rather interesting. 


PHYSICAL PROPERTIES OF PIG-IRON FROM RUNS 


Drills Fracture _ Toughness 
G2 Freely Fine-grained Fairly tought, rather 
grey soft and malleable. 
G4 Freely, but is hard, | Fine-grained Very tough, some- 
and drill must be grey what malleable. 
' ground frequently | 
G6 Fairly freely Fine-grained Very tough, slightly 
grey malleable. 
G8 With difficulty Fine-grained Very tough, slightly 
grey malleable (less 
than G 6) 


An ordinary carbon steel drill was used. To judge of the mallea- 
bility, it was noted to what extent a sharp edge would stand flattening 
with a hammer. The comparatively high malleability and toughness 
in combination with such hardness are not usual with ordinary irons. 


TEMPERATURES 

The temperatures here tabulated, each of them the average of a 
number of readings, indicate the fact that the closest approximation that 
can be got to the temperature of the fluid materials in the furnace, is 
by sighting on the furnace lining after pouring the charge, and after the 
fumes in the furnace have cleared away. With a large furnace, there is 
no doubt that more accurate determinations can be made in other ways. 
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APPROXIMATE TEMPERATURES OF THE RUNS 


Temp. on Stream Temp. on Furnace 
Run of Slag. Lining Nature of Slag 


G land 2 2380°F = 1304°C. 2480°F = 1360°C. Fluid 
G 3 and 4 2200°F = 1204°C. 2400°F=1315°C. Fluid 
G 5 and 6 *2600°F = 1426°C. 2420°F=1326°C. Very fluid 
G 7 and 8 2530°F = 1388°C. 2480°F = 1360°C. Slag fluid. 
| Most of iron 
“frozen” on 
bottom. 


- *Reading taken on bubbling slag round electrode before pouring. 


These temperatures from 1315°C. to 1360°C. are well below the tempera- 
ture at which the average iron blast-furnace slag runs from the furnace, 
namely 1450°C.! | ` 

It has been realised by some investigators who have gone fully into 
the subject, that temperatures determined in the ways noted above are, 
at the best, approximations?. The ordinary determinations of slag as 
“sticky,” “free-running,” “fluid,” and so on, are likewise rather vague. 
Hence any conclusions on the question of the temperature-viscosity 
relations of slags based upon such data is bound to be inconclusive, and 
of a rather un-scientific character. The United States Bureau of Mines 
has in the course of an investigation of blast-furnace slags gone fully 
into the question of their temperature-viscosity relations. The work 
of Feild & Royster on this problem? is impressive in its completeness, 
and seems to be founded on sound scientific principles. The procuring 
of similar information with regard to this new titania slag might afford 
a sound basis on which to make it useful in smelting on an industrial 
scale, and might also save the years of time that would in all probability 
be consumed in gaining the necessary information in an empirical way. 

To determine temperature-viscosity relations with the precision 
necessary to make the results useful, a machine was devised in which the 
drag or torsion was measured between an inner stationary spindle and 
an outer rotating crucible filled with molten slag, the latter being kept 
in the fluid condition by an electric furnace that enclosed the apparatus. 
The viscosities of actual blast-furnace slags of varying compositions 


1Johnson, J. E., as above, p. 32. 
Feild & Royster.—''Slag Viscosity Tables for Blast Furnace Work,” p. 23. 
3Johnson, J. E., Jr., as above, p. 50 and (quoting A. L. Feild), p. 228. 
*Feild, A. L., and Royster, P. H. Tech Papers Nos. 157, 187, and 189, U. S. Bureau 
of Mines. 
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were thus determined, each through a considerable range of temperature, 
and the results embodied in curves and tables. This method of deter- 
mining in an accurate way the fluidity of slags and so of helping to solve 
the problem of chemical control in a furnace, seems to be capable of 
wide application, and worthy of serious consideration in a case such as 
the one being discussed. 


SELF-FLUXING ORE : š 

On comparing the analyses of the titania slags as determined above 
with the recorded analyses of some Canadian titaniferous ore deposits 
it was noticed that the slag-forming materials of the latter approximated 
fairly closely to the former. A further study of the matter revealed the 
fact that in a number of cases at least, Nature had provided, ready 
mixed with the ore as ferro-magnesian silicates, the fluxing material 
that had been added in the form of sand in the smelting experiments. 
This high proportion of silica has always caused this classof ore to be 
considered as of little value, where it had to be fluxed with the addition 
of lime in regular blast-furnace practice. In this method of smelting, 
on the other hand, the silica in the ore is an asset. 


ANALYSES INDICATING SELF-FLUXING ORE 


I II Ill IV V VI VI 
Fe — 49.8% 44.5% 48.5% 38.8% 40.5% 59.6% 


Ce I en re a a A aaa 


SiO; 27 31 31 33 37 34 35 

CaO 8 13 14 7 9 8 6 

MgO 11 6 13 8 18 12 12 

Al,O; 16 13 15 *21 8 12 18 

TiO; 37 38 25 3l 28 34 26 
*By difference. 


I —Chaffey Mine—F. J. Pope—as above. 

II —Pine Lake Deposit—F. J. Pope. 

III —Millbridge, Hastings County—F. J. Pope. 

IV —Seven Islands, Gulf of St. Lawrence—E. Dulieux, Mining Op. 
Quebec, 1911, p. 124. 

V —An Ontario deposit. 

VI —A Newfoundland deposit. 

VII—Slag G 3 (for comparison). 


The above table shows in column VII, a typical analysis of the titania 
slag (G 3) and in the other columns, the slag-making constituents of 
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the ore in the proportions in which they would appear in the slag, if 
self-fluxing. Ores I, If and III were sampled by Mr. Pope only across 
those parts of the deposits that did not include any large proportion of 
rock-forming crystals and it is probable that by including some of the 
marginal phase of the deposits, the proportions of the slag-forming 
ingredients can be adjusted to suit exactly the requirements of the slag. 

If these determinations of self-fluxing ores should prove on more 
extended trial, to be correct, there will be a new field opened for the 
prospecting and development of titaniferous iron ore. The marginal 
parts of these ore deposits are known to merge gradually into rock in 
many cases, and in some cases on record these marginal rocky parts 
greatly exceed in tonnage the parts composed of pure titano-magnetite 
or ilmenite. Where this self-fluxing ore reaches 40 per cent. in iron, 
the furnace burden will be equal to or higher than the average North 
American blast-furnace burden in iron content. It seems probable 
that some of these deposits will provide an ore of self-fluxing composition 
that will run considerably over 40 per cent. in iron. 


CONCLUSIONS 

The data and speculations set forth above have led to the following 
conclusions: 

1. There has been demonstrated the use, in the electric furnace, of 
a slag consisting essentially of titania, silica and alumina, whereby 
titaniferous iron ores can be satisfactorily reduced to pig-iron. 

2. The smelting temperatures are not above those in use with the 
ordinary iron blast-furnace. 

3. It is not yet proved that this process is applicable to the blast 
furnace, but the evidence up to the present shows that this will be the 
case. 

4. The experiments to date show that there is a considerable range 
of composition through which this slag can be usefully employed; but 
the limits have not yet been determined. 

5. The use of this slag seems particularly adaptable to titaniferous 
ores that are high in silica, and consequently self-fluxing. There are 
large deposits of this class of ore with a suitably high iron content, that 
have up to the present been considered as of noimmediate or prospective 
value. 

6. It is recommended that the temperature-viscosity relations of this 
slag be studied by means of the method devised by the United States 
Bureau of Mines, as an aid in effecting chemical control of the smelting 
operation. l 
Kingston, May 15th, 1920. W. M. Goopwin. 
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ALGEBRAIC THEORY OF KAPTEYN SERIES 


By JAMES HARKNEss, M.A., F.R.S.C. 
(Read May Meeting, 1920) 


In 1893 Kapteyn devised a new type of expansion in Bessel Functions, 
and later it was shown by Nielsen that the Bessel functions employed 
could be of the most general character, namely those defined by 


y+2n 
(3) 
J (x) = z 

n20 n! T(v-tntl)— 

where » is an arbitrary parameter, free to take complex as well as real 
values. 

Employing Nielsen’s notation one result arrived at by Kapteyn for 
the case y=O, and generalized by Nielsen so as to cover all finite values 
of » other: than negative integers, is that the power series 


œ n` 
f(x) == (+) can be expanded in the form 


(= yz 2 yA S40 (w+n)x), 


the coefficients b being ein in terms of the a’s by linear relations 
of the form 
S0/2 (y-+n—2p)? T(vtn—p) 
m= PL tn 


p=0 


An-2p e 


The J-series that arises in this way is called a Kapteyn series of the first 
kind and its convergence is unconditional within a certain neighbourhood 
of x=0. 

The theorem presupposes the possibility of the expansion 


(FY = E obs Daan (0-42) 2). (1) 


(See Nielsen’s Handbuch der Theorie der Cylinderfunktionen, Chap. 22, 
p. 300.) 
51 
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By expanding the J’s on the right hand side of (1) and equating the 
coefficients of the powers of x we are led to a series of equations (in which 
a5, is replaced by ag,) 


r 


y 
= T(v+1) to 
y t2 (+27 t? 
0= F042)" TEH) % (2) 
å pH (v+-2)"+* (v44 t 


= 2!T(v+3) a (v+4) as + r(» +5) j 


e o o è ùo o eee ùo o o o >o où o ‘o o o o o oo o o o O Gl‘ ‘o ‘Ul ‘H FP Fe Fe ee ee ee ‘H 


which are simplified by replacing A a, by Bo, ray" ag by Pe, 
iC Po T (v+3) 
eror b They th ke the f 
TG+5) a, by fy, etc. ey thus take the form 
1=8, 
0 2 
T eT AA 
y4 (y-+2)? 
= BS 3 
2! EET i l!»+3 pies @) 
pê _ (+25 (v4)? 


Bo Bs — Be 


~ Bly+1.yt2.743 - 2!y+3.74+4 1! y+5 


The first few values of the set of = are readily seen to be 


2 6)4 
at Bos y? 3 +2) (+4)? | | a ae (v+ 
ge mT Ge Ga a e203 aoti 
They point to the general formula 
2n —2 
NEI ERER E i REES (4) 


n! v+n.yv+n+1....»+42n—1 


This formula can be established by mathematical induction (see 
Neilsen, p. 301). We propose to study the equations (3) from another 
point of view which will give us an insight into the algebraic nature of 
the foundations on which the structure of Kapteyn series rests. 


2 
Replace b2, by 2 (v-+25)**~? -yo,, s=1,2,3,....... 
s! 


and fo by 1. The first four y-equations are: 
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yo (v+2)° 

ey age 

; y? (+2)? | 0+4) 

=tio (ta a 

ne et ta N 
3!y+1.y4+2.9»43 2!1!y4+3.7+4 1!2!y»+5 3! 

ne a e e 
4!y+1.v+2.p+3.p +4 3!l'!y+3.v+4.v+5 

(v+4)° _ (v+6)$ (v-+8)° a 


| Q2!vt5.rt6. 13lvt7.° 4! 
The solutions of these equations are 

1 1 1 1 
Y= Áa YF 


v+i ” yt2.¥+3 a yt+3.¥t4.9+5 La ney eee eee pee 


If these values are inserted in (5) the resulting equations can be written 
in the form 


y+3 |r? i v+4.yv+5 | v4 
—3.v+2.v+5 | (v+2)4 
—2(v+2) (v+2)? +3 yt+1.y+4 (v+4)4 
+(v+1) | (v¥+4)?=0 — v+l.v+2 | (v+6)4=0 (6) 


y+5.y+6.v+7 | vô 
—4.v+2.v+6.v4+7 | (v+2)6 
+6.vtl.vt+4.v+7 | (v+4)8 
—4.y+1.v+2.»+6 | (v+6)® 
+ y+l.v+2.¥+3 | (v+8)§=0 


It is to be remarked that the sum to the left of a vertical line is in each 
case zero. These sums can be transformed into 


V v+2 v+4 
ari lvte arita oA S 
v _ 3 yt2 +3 y+4 _ 
vetlyv+27+3 v+ l.v +2.v+3.v +4 v+2.v+3.v+4.v+5 
v+6 
storti so a 
y yt2 
votlot2v+3r+4 — $ v+ l.v +2.v+3.v+4.v+5 + 
6 v+4 sä v+ 6 : y+8 = 0 
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The numerators constitute the series v, »+2, »+4, v+6, ...., the 
numerical coefficients are the binomial coefficients with signs alternately 
plus and minus, and the denominators follow a law that is evident on 
inspection. 


The complete system (6) can be written 


yg __ (+2) +4) oo) 
vv+l.p+2 y+l»t2»+3 p42 p4+3.p 44 y+3. yt4 
y5 3 (v+2)5 l g COH) (v+4)5 | 
vot ly+2.n+3 ytlpt+2v+3.0+4 v+2.v+3.v+4.v+5 | 
(v+6)§ 
y-+3.9+4.y+5. v+6 r (8) 
4 4 0+2 g a | 


v.v+ l.p +2.v+3.v +4 yp+lywtZ2. y+5 p02 . 94-6 Pa y+6 
+6", 48) 
v43... yvy+7 yt+4...r7+8 


The resemblance in structure between (7) and (8) is at once apparent. 
The denominators are the same in corresponding terms; there is the 
same law as to the numerical coefficients and the only novelty consists in 
replacing the first powers of », »+2, »+4, »+6,. . . by third, fifth, 
seventh powers, .... 

The second equation of (7) and the second equation of (8), containing 
as they do in their numerators the first and fifth powers of v, »+2, »+4, 
y+6, suggest an intermediate equation 


=0 


y? -3 (v+2)8 3 (v+4)3 
vyutl.»r+2.»4+3 yt+l.y4t2.9+3.7+4 yt2.¥+3.9+4.9+5 
EESE (215) eee 

yt3.»7t+4.9+5.9+6 
Similarly the third equations of (7), (8) suggest intermediate equations 
3 
Seats EE a +6 Ot) 
vetl... {+4 ; y+l...»+5 v+2...»v+6ô 
4 (+6); +8) o 
yv+3...»+7 y+4...v+8 
y5 4 C+D e +48 
yvyt+l... wt4 ptl...vt+5 yt+2...vt+6 
a Cto 8g 


A ——— a Ė ae 
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These formulae can be verified by direct analysis, but we propose to 
consider them as special cases of more general formulae, first remarking 
that the two sets (7), (8), together with the supplementary formulae 
just considered, can be blended into a more comprehensive system, for 
which it is sufficient to write down in each case the first two terms. 
This system is 


ech aE oten AO PT a a =0 l 
, y.v+l.v+2 y+ l.v +2.v+3 
O Jon a D P 
v.y+l.v+2 ytl.y+2.¥+3 
ee ee >. es nase =0 
v.v +i.v +2.v+3 v+ i.n +2.v +3.44 
ae a | =i 
p.v +1.» +2..+3 v+ l. +2.v+3.v 4+4 
v.v i.p +2.v+3 v+ l.p +2.vp+3.v+4 
NEEE: ATOE | eT PHR EEE) 
v.v + i.n +2.v+3.p +4 yt+l1.9+2.¥4+3.9»+4.9+5 
ee ea —4 — DY .. =0 
(ii) v.v +l.y4+2.74+3.9+4 y+1.y4t2.913.91+4.9+5 
ane, a —4 o HD) eet ZO) 
vetly+2.04+3.»+4 ytlyt2v438nt40+5 ` 
S Y oag ODY) =0 
y.y l.p +2.v +3..+4 v+lyt204+3.9+49+5 ` j 


Two questions which suggest themselves immediately are: 
(i) Why are the numerators of (9) always odd powers of v, v+2, 
v+4, ...? 

(ii) Can the system (9) be still further extended by introducing 
higher powers of », v+2,»+4, . . . than those actually employed in the 
sub-systems of 2, 3,4, . . . formulae respectively? 

Let us first generalize the expressions on the left-hand side of the 
first sub-system of (9) by replacing them by 
H wt ayn 0+4)" 
ve+tlv+2 ytly+274+3 y+2.»¥+3.¥+4 


where m=0, 1, 2,3, ... . . The expression, on reduction to a common 


(10) 


56 TRANSACTIONS OF THE ROYAL CANADIAN INSTITUTE 


` 


denominator, takes the form 
y™(v+3) —2(v +2" t+ (v+ 1) w44)" 
y+tlyt+2.474+3 

The numerator has the factors »+1, v+2, v+3 tf m is even, as is seen at 
once by putting y=1, —2, —3. Hence the fraction (10) is only a fraction 
in appearance, but in reality.a polynomial, provided m is even. This 
gives the answer to (i.). Furthermore the expression (10), when treated 
by the method of partial fractions, must have no fractional parts but 
only an integral part of order m—2. 

Let us next consider the generalization of the polynomials in the 
second sub-system, namely: 


OO a OD g Ooh 
v.v +lyt2.»4+3 yt+1lyt2.»+3.79+4 yt+2.9+3.y+4.9+5 
(v+6)” t! 


v+3.v+4.v+5.v4+6 
_ ¥™(v+4) (v+5)—3(v +2)” +! (y+5)+3(v +1) (v+4)"4t!—(v+1)(v+2) (v+6)™ 
j | v+l.v+2.v+3.v+4.v+5 (11) 


The numerator, if m is even, has v+ 1, v+2, v+3, v+4, v+5 as factors. 
It is desirable to prove this by a method which will apply, mutatis 
mutandis, to the most general case where the expression to be discussed 
is of the form 


em ett a(n) 
vyutl...vtn ytlyt2 ... vtnt+l 2! 
m+1 
See (25 a ey Ce (12) 
v+2.v+3 ... v+n+2 


By the ordinary process associated with partial fractions, we have 
for the fractional parts (omitting for brevity the integral parts) 

(I) i y” tl 

vetlv+27+3.»+4 


= +4 = o 
Co (S02? o sae 


\ 


1.2.3 + —1.1.2 + —2.-11 + —3.— —2-1 
y+l1 yt2 y+3 a ae | 
D 4 eam om 
yt+tlv+2...v+0 l | 
1 C (-p"2*  (—1)"3" | 


-4 [234 Se E e at E a 
y+] yt+3 yt4 y+5 


er eg 
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De 6ta 
v+2.v+3...v»v+6 
2” 1 Gor (ene. | 
[134 + 123 +++ — 3-21 —2.1 + —4. ZEE] 
v+ 2 y+3 y+5 
(IV) 4 (v+6)"t! = 
v+3.v +4. +5.v +46.1 +7 
3” 27 1 (—1)" (13) 
[i24 + —1.1.3 + —2.—1.2 +*+ —4.—3. 4-3-2 | 
yt+3 pra v+5 v+7 
(V) (v+8)”+' 
y+4474+5.7+6.94+7. 48 
4™ 3" ae 1 
123° 212 42.11 4+ =3-2-1 || 
yt4 yt+5 y+6 yt+7 J 


On addition the fractions all vanish. The proof consists in showing that 
the v+1—residues in I, II are equal and opposite, 

the y+2-—residues in I, III are equal and opposite, 

the v+3-—residues in I, IV, as also in II, III are equal and opposite, 

the v+4-—residues in I, V, as‘also in II, IV are equal and opposite, 

the v-+5-—residues in IT, V, as also in III, IV are equal and opposite. 
etc. This proof rests on elementary considerations and need not be 
given here. In all cases, where m is even, the fractions cancel out. 

Let us now consider the case where the integral part, as distinguished 
from the fractions, drops out. To take first a simple case let us examine 
the numerator of (11). Its apparent order is m+2 and this will be less 
than the degree 5 of the denominator if m=0,2; but the third formula in 
the second sub-system of (9) shows that m=4 also provides a zero result, 
which at first sight clashes with the fact that the order of the numerator 
exceeds that of the denominator by 1, and that, therefore, there should 
be, after division, an integral part of order 1. 

The explanation is that the true order of the numerator is not m+2 
u for the coefficient of v™t? is 1—3+3—1, =0, and that of 
v” tl is 

(4+5)—3(m+1)2—3.5+3(m+1)4+3—m.6—3, =0. 


The inequality m+2 <5 must accordingly be replaced by m <5, and we 
see that 4 is also a permissible value for the even number m. This 
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accounts for the presence of three formulae in the second sub-system 
of (9). 
There is a precisely similar explanation for the presence of four 
formulae in the third sub-system of (9). 
The numerator for the reduced fraction built up from the five com- 
ponents of (13) is 
y+5.v+6.v+7 | (v+0)™ 
—4.v4+2.»+6.9+7 | (v+2)™ 
+6.v+l.vt+4.v+7 | (v+4)™ (14) 
—4.v+1v+2.¥+6 | (v+6)” 
+ v+19+2.»+3 | (v+8)” 


and the denominator is y+1.y+2.... v+7. 

The apparent order of the numerator is m+3. The requirement fora 
zero value of the reduced fraction embodied in the inequality m+3 <7 
furnishes only the values m=0, 2, whereas m=4, 6 are known to be 
admissible from the third sub-system of (9). The explanation is that the 
polynomial (14) contains no terms in y™*t3, p™+?, „™+l p", its true 
order is m—1 and the inequality m+3 <7 has to be replaced by m—1 <7 
thus admitting the further values m=4, m=6. In this way we have 
accounted for the four formulae in the third sub-system of (9). 

The manner in which it comes about that the terms in »™+?, »™*’, 
y™+! y” disappear can possibly be best appreciated by the following 
analysis: 

Expanding the terms in the right-hand column of (14) we get 


y™ (sum of the left-hand column) +m” ~! | —4.v+2.»+6.»+7.2 
+6.v+19+4.¥+7.4 
—4.y+1.»+2.»+6.6 
+ yt+1.94+2.¥+3.8 


m(m—1) m-2 —4.¥4+2.9+6.9+7.22 
~z ” +6.v+1.v+4.v 47.4? 
—4.y+1.»+2.»+6.6? 
+ v+1.y+2.¥+3.8? 


m(m—1)(m—2) m-3 | —4.¥+2.¥+6.»+7.23 
3! +6.9+1.¥+4.»+7.45 
—47+17+2.74+6.6 

+ ytl]1.94+2.794+3.85 


+terms in v of orders lower than the m"? 


Now the coefficient of v” in the first ‘een is zero; the emden of 


mv”™! is without the terms v’, v2, y (and has the value — 240); the 


+ 
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m(m—1) ym-2 


T is without the terms v*, v»? (and has the 


coefficient of 


m(m—1) (m—2) ym—3 
3! 

term vy? (and has the value — 18v?+36y»—24). It follows that the highest 

power of » that actually occurs is the (m—1)*. In other words there 

are no terms in y™*t3, y™+? „m+ ym 


value 480v); the coefficient of is without the 


Vv. 


The coefficients of v”, mv™~', a 1) ym—2 


ance cubic polynomials. The conditions for the vanishing of the term 
in vy? in the first four of these cubics are given by 
1.0°—4.1°+6.2*—4.3°+1.4°=0 (a=0, 1, 2, 3) 


a special case of the general formula 


, etc., are in appear- 


Lor nat + MALY .2°....+1.n*=0 (a=0,1,2,3,...,2-—1) (15) 


which can be deduced immediately from the identity 
n(n—1) 
2! 


eF— ...+(-1)* e*=(1-—&)” 


=P, (x) 
where P,, (x) is a power series beginning with the term x”. 

It may be worth while to indicate one method of proof of the vanishing 
of the terms in vy? in the second and third cubics, because it also depends 
on (15). 

We have to show that 
—4(2+6+7)2°+6(1+4+7)4* —4(1+2+6)6*+(14+24+3)8* (a=1, 2) 
This may be written 
6 [—4.2°+6.4° —4.6°+1.8°] 
+3[—4.2°.3+6.4°.2 —4.6°.1]. 
The first line vanishes by reason of (15), the second line is zero in virtue 
of the identity 


1.e°*—ne*+ 


—4,.1°.3+6.2*.2—4.3°.1=0 (a=1, 2) 


which can be regarded as a special case of the general identity 


1.0°n—ndin—14 =) ong — B=) 0-2) gang 
Ot.n—n1*. ae L 3°. 
+.... +1.n°0 =0 (a=1,2,...,mn-2). 


This can be written 
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n [ torn. 1D a s mae Sees ] 


atl.) atl n(n—1) 5041 r n(n—1) (n—2) wots ] 
+] 21.0 n.l T e +... 
and its verification is effected immediately by the use of (15). 


We shall now state the general theorem indicated by the preceding 
analysis. 


Theorem.—Reverting to the general expression (12), the numerator of 
the reduced fraction 
y™(vtn+l1) (vtnt+2) .... (v~+2n—-—1) 


—n(v+2)"** (v+n+2) (vt+nt+3) . .. . (vp +2n—1) 


| $e Doty) (v+4)"+? (wv+n+3) .... (p+2n—1) 


+(—1)* +1) (+2)... .@+n—1) (v+2n)™, 
though apparently of the order m-+-n—1, is in reality of the order m—1. 


It vanishes for v= —1, —2,....., —(2n—1) provided m is even; if 
the order m—1 of the polynomial is less than 2n —1, the polynomial vanishes 
identically. Accordingly the expression (12) is zero when m takes any one 
of the n values 2,4, . . . ., 2n—2. The sub-systems (i.), (ii.), (ili). of 
(9) correspond to the cases n=2, 3, 4. 

This theorem furnishes the answer to the second of the two questions 
that we have had in view. The sub-systems of (9) are complete. 

It appears to be difficult to provide an absolutely direct algebraic 
proof of the reduction of the numerator’s order from m+n—1 to m—1, 
but we can convince ourselves of the truth of the theorem by the use of 
the method employed by Nielsen (l.c. p. 301). 


Nielsen defines X} to mean 


yr al yar 
T oa a a a SI ogee ee 
vyutl..w.vtn y+lyvt2...ytnt+l 
n(n—1) (v+4)7 T! A 


2! v+2.v+3...v+n+2 


where r ranges from 1 to 7. 
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The system (9) will be supposed to be supplemented by a preliminary 
formula 
_* 1, +? _9 
vyut+l y+ly»+2 


forming the first sub-system. What have hitherto been called the Ist, 
2nd, 3rd,. . . . sub-systems will now rank as the 2nd, 3rd, 4th, .... 
sub-systems. The system (9) so extended can be represented by 


Xi = 0; 
Xi=0, X}=0; , 
X: = 0, X2 = 0, X3 = 0; (17) 


X} = 0, X? = 0, X3=0, X4 =0 


These X’s are interconnected (see Nielsen, l.c., p. 301). 


Nielsen has shown, by a very elegant method, that 
XR = (v2)? X3, XA = (v +20)? X37, etc., 


so that X” = (v+2n)” 2 X}. By proving that the first member X: of 
the X,,—sub-system in (17) vanishes, he proves at the same time that 
Xn, Xna, .... Up to X} also vanish. 


The character of his analysis can be appreciated most readily by 
considering a particular example. Suppose, for instance, that we desire 
to know a relation connecting X3 and X3 with X3. We have 


3 ys 3 (v+2)5 3 (v+4)5 


smt istis  soletovt3944 pooptaetapss. 


(v+6)® 
y+3.7t49+5.7+6 
x? = y4 _ 3 (v+2)3 3 (v-+4) 
: vetily+2»4+3 y+17+2.7+3.7+4 yt 2.94+-3.79+4.9+5 7 
(v+6)3 
y+3.79+4.7+5.9»+6 
Multiply X2 by (v+6)?, where »+6 is the last number of the set 
v, v+2,v+4, . . . that occurs in X3, and subtract X3 from the product. 


Hence 
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vlw) _ g v+2*(v +6? +2’) 
v.p+ l.v +2.v+3 v+ l.v +2.v+3.p+4 
y+43 (v4 6’ — +4’) 
y+2.¥+3.¥»+4.9+5 
12y7(v+3) 3 8 (v+2)3 (v+4) +3 4(v +4): (v+5) 
v.vy+l.v+2.v+3 v+ i.v +2.v+3.v+4 v+2.v +3. +4.45 


(+6) X3- X3= 


=12 [-— -o Ct? eti] 
v+ l.v +2 y+ly+2.¥+3 v+2.v+3.v +4 
=12 X 

Notice how the reduction from the fifth to the third powers of 
v, v+2, v+4 is effected; also the manner in which the denominators 
with four factors pass into denominators with three factors, and finally 
the simultaneous conversion of the binomial coefficients 1, 3, 3, 1 into 
the binomial coefficients 1, 2, 1. 

Suppose now that r > n in X37. Nielsen has not occasion to consider 
this case, but his analysis applies here also. The X’s will no longer vanish; 
moreover we know that when X7, is expressed in partial fractions, these 
partial fractions drop out leaving only an integral part. The order of 
this integral part, putting m =2(r — 1), should apparently be (m+n-—1)- 
(2n—1), =m-—n, but is actually m—2n, owing to the vanishing, in the 


numerator of the reduced fraction X7 , of the n terms x”, x”*',....5 


rtra 


The method for proving this need not be worked out in full; the 
essential parts of the proof can be derived readily from the study of 
particular examples. 

For instance X3=(v+6)? X3—12X2=—12X3, 

X2=(v+4)?2X3—-8X?= —8X7, 
X?=-—4 
so that X3=12.8X{=—12.8.4 
X} =8.4. 
For Xj, m takes the value 6 and »=3; hence m—n=O and the integral 
part should reduce to a constant, as is in fact the case. 

Again 

X3 = (v+6)2X3 —12X$ = -12.8.4(v+6)?—-12X5; 

Xo = (v+4) X3 —8X} =8.4(v+4)?-8X3 

X}= —8(?+27+2), 
so that XŠ is a quadratic in v». By the theorem, since m=8, »=3; the 
order of the integral part should be m — 2n =8 —6 = 2, as is in fact the case. 


AN APPLICATION OF LIE’S THEOREM ON THE TORSION OF A 
COMPLEX CURVE 


By CHARLES T. SULLIVAN, PH.D., D.Sc.; F.R.S.C. 
Read May Meeting, 1920. 


INTRODUCTION 


A curve is said to belong to a linear complex or, more briefly, to be a 
complex curve, if all of its tangents are lines of a linear complex. All 
- complex curves through a point have a common osculating plane at the 
point, viz., the polar plane of the point for the complex. It has been 
shown by Lie that the torsion of a complex curve at a point 1s a function 
of the constants of the complex and the co-ordinates of the point only; 
and, therefore, the same for each complex curve through the point.*. 
In the succeeding pages it is proposed to apply this theorem on the torsion 
of a complex curve to show that: If one family of the parametric curves 
on a surface determined by Lelieuvre’s Integrals are complex curves, it is 
necessary and sufficient that the Lelieuvre Integrals be constructed from 
a Moutard equation of range three at most. 


We shall first develop certain formulae required in this discussion. If 
0i, 02, 03 be three linearly independent solutions of the Moutard equa- 
tion 


(A) 076 


op ðq 


then the parametric curves on the surface determined by the Lelieuvre 
Integrals 


(S) m (° a) ie (55 
y- [(o$)0- (a 
z— JC ce ab — (e aag, 


are asymptotic curves on the surface (Eisenhardt— Differential Geo- 
metry, p. 194). 


=) (p, q) 0, 


* Proceedings of the Society of Science at Christiania (1883). 
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From equations (A) and (S), we find at once 


Aad m= —( 9, 2 
n= (435 ap » 2= -(4 aq 
fig o a a? Os 
(1) m=(45> J=- (4 On 
- (22 OE (a ay _ (è 2) 
“a= Vag ap * dp ag dg aps’ 
by virtue of (A), 
where 


Ox _ ôx ea 0? x 
ap’? aq? T ap aq’ 


The corresponding formulae for y and z can be obtained from these by 
introducing the proper pair of the three solutions 0, 02, 43. 

If the fundamental magnitudes of the first and second orders of the 
surface (S) be denoted by E, F, G and L, M, N respectively, we find 


immediately from the definitions of these quantities and from equations 
(1) the following relations: 


D) B=z(0 2), r= -2 (4%) (0M),c-2(a ey, 


B _ 80s ðA 80, a0 a 
L=0, MV=( (9 mths, og) )N=O, 


WV=E G- FPF. 


x; = etc. 


where 


In order to reduce these expressions to their simplest forms, we make use 
of two formulae from the theory of determinants, viz.: 


(3) a+b?+c aa’+bb’+cc' a 6|2 
= 2 
aa’+bb’+cc’ a’?+b'+-c" a’ b), 
and 
B’ C’ 
(4) z = (a+b+c) D, 
B" G" 
where B’, B”, etc. are the minors of b’, b’’, etc. in the determinant 
a b c 
D=ja V d 


a" b” g” 
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From the realtions (2) and (8), we derive: 


a 2 (0-2) -2(4 a (a i) 
-z(o N (6, Hy 3 JA y 
(2 a) («2 2 
(+ 2) (a2 CA 


This paa reduces to 


(5) V= (08H00 (0.5 : pa a)’ 


by virtue of formula (4). 


MY= (ce ap) (0 S SH e 062 ay 


002 
= ( aa ap by an elementary property of determinants. 


In this case, the quantity 7?=LN— M? reduces to — M?*; and the 
Gauss measure of curvature K has the value 


Re da (+ J= -g a 


In the customary notation, the direction cosines of the normal to 
(S) at the point P (x, y, 2) are: 


X, Y, A = + a Jı 41 
X2 Yo 22 
On using the relaticns (1) and (5), these become 
6; 0, 03 
A Y, : = =E , = SS 
(8) VIE’ VIR’ VIE 


If now p, o, denote the radius of curvature and the radius of 
torsion respectively at the point P(x, y, z) on the curve g=const., then 


= (x! y ” git), 


1 
ee 
» Pa Pq Ca 


—5 
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Where the primes indicate differentiation with respect to the arc s, 
Along g=const., we have 


Fdp fe te p= © _} Ea 
d= V Edp, x= T=, l= E - TE 
1 Xin Xn E xı En mE, 
gi = —— — — t 
A- -E y AS + AS), ete 
Thus 
1 = E} 
(9) Be ł = 
ð? 03 ð? 0; 
“pL? € a) (ea) -2(% ) (* ap) | 
(° s) (e a 2 
= ls 
E (« eh) (25 3? Os 
aes ee O82 ð? 03s \2 
” A OE 3b a)» 
by virtue of formulae (3) and (4). 
asa 
= (x! y" 2!) = 
Pq 104 
a 
o m zE 1 [m _ E42 Bt |) 
VE’ E tE’ JELE tE 2 t-i 


l 
= T (xı Yn Zm). 


Now form relations (1) and certain evident elementary properties of 
determinants, we deduce the relation: 


062 ð? 83 a 0, 
(% Yn Zn) = (( 6 Sp ) (02 op (8: -55 3) + 
ðb ð? 03 06s ð 6; 
((% ap) (% Gp) Cop =) 


_ f, 86 ke CAMIA 
= (° opt ap (e ro (4-35 ap apt. 
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and, therefore, 


(10) 


I1 _ l ( 0. 820s \? 
Pq’ Ca E i op apy” 
Hence along the curve g=const., 


1 1 a s : 

z = Ge = ++ /—K, by virtue of equation (7), 
if we choose the positive value of the root. With this convention as 
to signs, we find in a precisely similar manner that 


1 


op = V— K, 
along the curve p = const. 
Thus | 
1 1 1 
a ee = — K, and 3 =— ni 


Which is Enneper’s theorem on the torsion of the asymptotic curves. 
We next consider the one parameter family of linear complexes 
defined by the equation 


(11) Sa(ydz2—z25y)+Sabx = 0, 
where S signifies the cyclic sum over the three axes and a, b, c; a, B, Y 


are functions of one parameter q. We may, without loss of generality, 
assume the realtion 


(12) aa+tbB+cy=1. 


Consider now a point P (x, y, z) on the surface (S). Corresponding to 
this point P (p, q) on (S) there is a definite complex of the family (11); 
let X, Y, Z be the direction cosines of the polar plane of P in this complex. 
Then from the theory of the linear complex, it follows that 


(13) ~V k X =at+bz2-—cy, 
VkY=ß+cx-az, 
VkZ=y+ay—bx, 


where v kis a factor of proportionality. By squaring and adding these 
equations, we find 
(14) k=S (a+ bz2—cy)?.* 


But the expression on the right hand side of this equation is that found 
by Lie for the torsion of a complex curve at the point P (x, y, z). Thus 


*Lie and Sheffers’ Berithrungs transformationen, p. 233. 


68 TRANSACTIONS OF THE RoyaL CANADIAN INSTITUTE 


q le 


k =—, where ø is the radius of torison of the complex curve at the 


point. 

If now the parametric curves g=const. on the surface (S) belong to 
the complexes given by equation (11), and K be the Gauss Measure of 
Curvature at the point P on (S), then it follows from Enneper's theorem 
and equation (14) that 


(15) — = VTK = S(atbz—cy) 
q 


Again from equations (7), (9) and (15), we deduce 


0; Oc Os 
16 K = 1 ; y = =, Z = =, 
(16 Va ve. Va. 
where X, Y, Z are the direction cosines of the normal at the point 
P (x, y, 2) on (S). 


Thus 


= Vo, X=atbs—cy, 
(17) b= Vo, Y =ß+cx—az, 
6; = Vo,Z =y+ay— brx. 


These are the equations we require to demonstrate that equation (A) 
is of range three at most. We must first recall however the steps of 
a theorem due to Goursat: 

Given a linear partial differential equation of the second order 


3% 30 30 
B a aa ? ae! b , ee eye ’ =0, 
(B) aor + a (p,q) a + b(p,q) F +c(p,q) | 


if (n+1) linearly independent intetrals are connected by a homogeneous 
linear relation the coefficients of which are functions of one of the inde- 
` pendent variables only, then n—1 applications at most of a Laplace 
transformation will lead to an equation with a vanishing invariant. 
First consider the case n=1; then the assumed relation is (say): 


6, = U (q) 6). 
If this value of 6. be substituted in (B) we shall find: 


ay + 56, = 0. 
dp 
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Consequently 


Op dq oq 


On substituting the value of = given above in this equation, we find 


that the invariant ab + 2 —c vanishes. 
q 


Again let the assumed relation be 


On41 = 2 U; (q) 0;. 


From this relation and (B), we deduce 


i=1 ôq Op 


If now we apply to (B) the Laplace transformation defined by 


gf = 2 + b6, 
op 
the transformed equation (B’) will have » solutions 6,'(¢=1, ..., n) 


connected by the relation 
n—1 


6,/= E Ur (Q O;'. 
i=] 


Thus after n — 1 applications of this transformation, we shall arrive at an 
equation having two solutions ga 0" connected by the relation 


(» —1) i 
0” TP = U(q) 6, ) ; 
and by the first part of the theorem, it has a vanishing invariant 


a") "D + ab” a0), 
og 
Equations (12) and (17) lead to the relations 


(18) abı + bhe +ch =aa+bB+cy =1, 
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and therefore 


COO 
ap ap ap 


06 
The Laplace transformation defined above reduces to 6! = ep for 


equation (A). Hence, if to (A) we apply this transformation, there 
results an equation (A’) having three solutions 6,’, 07’, 6s’ connected by 
the relation 


a’ (q) 0 + b’ (q) 6e' + c (q) 63’ = 0. 


Then by the theorem outlined above, two applications of a Laplace 
. transformation leads to an equation (A’’) having a vanishing invariant 


[> - SSE (a-i) 
dp aq Op aq 


Thus, if either family of the asymptotic curves of (S) be complex 
curves, it is necessary that the Moutard equation (A) be of range three 
at most. This condition is also sufficient. Because, if (A) be of range 
three, we can select three linearly independent solutions 6,, 62, 03 
connected by the relation (18). Hence we have the two relations 


(19) a6,+ 66.+¢6;=1, 
PALS a b ðh -+ c 963 = 
Op op Op 
From these we deduce 
(20) Bad) = b(n- o a Jte (aX Z e, a) 
ap op 


00 06 06 00 00 
— = c(t a Mt) a (nt i L), 
ðp op 


ðb (6, — 4H) 16 (o 00s - 0,2). 
ap - Op ap op op 


If cognizance be taken of equations (1), these become 


(21) ot, = Cyr = bz, ’ 
op 
iby 


op 


QZ; — CX, 
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(22) 0 = cy — bz + a, 

0, = az — ox +B, 

63 = bx — ay + y, 
where a, 8, y are arbitrary functions of g. But these equations show 
that the parametric curve g=const. belongs to the complex. 

Sa (y 5z)+Sa 6x =0. 
Let us next consider the tangents to the curves p=const. along a curve 
l l 

VG yes VG Y2, 
we see that these tangents belong to the complex of (11) corresponding 
to the value of q considered. In a similar manner we find that the 


tangents to the curves p= const. along the curve q + ôq belong to the 
complex | 


{Sa(yéz—25y)+Saébx}+5¢{ Sa’ (y5z—25y)+Sa’dx}=0, 
where the primes indicate differentiation with respect to g. Thus the 


tangents to the curves p=const. are all contained in the complex obtained 
by eliminating q between the equations 


Sa (ydz—25y)+Sasbx=0, 
Sa'(yiz—26y)+Sa’sx=0, 
that is, the enveloping complex of the family defined by (11). This result 
was given by Lie in reference cited above. 
Finally we consider a surface (S) for which both families of para- 


metric curves are complex curves. It follows from the results established 
above that the solutions 6,, 02, 63; of (A) must satisfy the two relations. 


(23) a (gq) r+ (q) Oe-+c (gq) @3=1, 
| a(p) O:+ 6 (p) O2-+c (p) 63=1. 


g=const. If for ôx, dy, 6s we substitute k: X2, 
VG 


The two families of complexes are then defined by the equations 
(24) Salyéz—z25y)+Sasx=0, 
Sa (yé2—28y)+Sadx=0. 


Following the same line of reasoning as that employed to establish 
equations (17), we establish the two sets of equations 


(25) 


and 
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pa = a+bz—cy, 
Vo, 
an = §+cx—ac. 
Vo 
6, 
== = y+ay—-Llx 
Vo, 
j ` 
Va, 
Oy age i 
— = B + cx—oz, 
Vio» 
- Í = F40y-5x. 
Vo, 
From these and equations (23) we deduce 
= a 1 1 iG 
Saa+Saa = a, + oe — V, 


McGILL UNIVERSITY. 


THE INTERPOLATION OF BREAKS IN TIDE CURVES FROM 
RECORDING GAUGES 


To secure continuous record for a complete year at a time, for harmonic 
analysis. 


By W. BELL Dawson, M.A., D.Sc., M.Inst.C.E., F.R.S.C. 


One of the primary ends in view in the investigation of the tides, 
is the prediction of the time and the height of high and low water for a 
future year, published in the form of Tide Tables, by which these data 
for the tide, day by day, may be known. To attain this end, three steps 
are required: (1) A continuous series of observations in. which the 
height of the water is ascertained moment by moment with relation to 
the time. Such observations are best obtained by a registering instru- 
ment, which gives a record of the tide in the form of a continuous 
curve. . When reduced to a truly uniform datum level, and when all 
time errors are eliminated, this curve gives the desired correlation of 
height relatively to time. (2) An analysis of this tide curve, by which a 
series of primary sinusoids are obtained as its components. These 
sinusoids are represented by tidal constants which define their phase and 
amplitude. (3) By re-combining these sinusoids, with their phases set 
to correspond with the astronomical conditions of any future year, and 
with amplitudes as found by observation at any given locality, the tide 
curves for that year can be produced. These are called prediction curves; 
and from them the time and height of successive high and low waters 
are read off, to constitute a Tide Table for the year. | 

For such an analysis, it is essential to have an unbroken series of 
tidal observations for a complete year at a time. A year is needed to 
obtain the recurrence of astronomical conditions in the variously related 
movements of the moon, as well as the solar elements. The year dealt 
with may begin at any calendar date, however. 

If any break or interruption occurs from any cause, or if the obser- 
vations are faulty or uncertain for a time, it is necesssary to complete 
or replace the tide curves by some method of interpolation. If this 
cannot be done, the period of observation up to the break must be set 
aside and a fresh beginning made, in the endeavour to obtain a complete 
year for analysis. Interruptions are more probable in winter, especially 
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at exposed situations where tidal stations are erected for strategic 
reasons; and if the break cannot be made good, the fine record obtained 
during the previous summer season may be lost so far as the analysis is 
concerned; although this record is usually of service for other purposes, 
such as comparisons between secondary stations and the principal station 
during the season. 

After one or two complete years have been analysed and tidal con- 
stants obtained from them, it is theoretically possible to fill a gap by 
means of the prediction curves. But it can readily be. explained why 
this method is less desirable than an interpolation based on the actual 
tide curves, as recorded by the registering instrument. 

Tidal variations and the Harmonic analysis.—There are three leading 
variations in the tide which accord with the movements of the moon and 
the sun; firstly, the variation from Springs to Neaps in accord with the 
moon’s phases in the Synodic month; secondly, a more or less marked 
change in amplitude which accords with the moon’s distance during the 
Anomalistic month; and thirdly, an inequality between the two tides 
of the day which follows the moon’s Declination and only disappears 
when the moon is on the equator. In regions where the tide is dom- 
inated by declination, the annual motion of the sun north and south of 
the equator, has also a great influence; and the extreme tides of the year 
consequently occur in the vicinity of the solstices. 

A difficulty which is probably the most serious one in tidal calculation, 
results from the variation in the range of the moon's declination during 
a cycle of 19 years. At one extreme of this cycle, the range in declination 
is from 28° north to 28° south of the equator; while at the other extreme, 
at the opposite phase of the cycle 91% years later, the range is only from 
18° north to 18° south. Even in other operations, such as the deter- 
mination of the low-water datum or the comparison of tidal ampli- 
tudes, the position of the year in the 19-year cycle may have to be taken 
into account, when the variations that occur are large. 

In the harmonic analysis, the effects of this change in declination 
can only be allowed for by giving variable values to four of the leading 
“tidal constants” during the course of the 19-year cycle. But the amount 
of variation thus allowed at a new locality must be based to begin with 
upon general theory, and it may be found later to differ considerably from 
its observed amount; especially in a region where diurnal inequality, 
due to declination, is the leading feature of the tide. It is evidently 
undesirable therefore, to introduce prediction curves into the observed 
series while the variation is under determination; and it is better to accept 
breaks or spaces between the complete years submitted to analysis; 
as these years will fall at various points around the 19-year cycle and 
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thus enable the variation during its course to be correctly determined 
eventually, from observation alone. 

Examples of Interpolation.—The interpolation which we here give as 
an example, is the filling of gaps which occurred in a tide of this declina- 
tional type at its extreme accentuation in January and December near 
the solstices; and if the method described will answer in such a case, it 
may safely be taken as a guide for the interpolation of a break in the 
continuity of tide curves of a less exacting character. 

In the Strait of Georgia, the tide is of this type. The curves in the 
Plates will show its character. There were two gaps in the tidal record 
from the principal tidal station in that strait during the year 1919; one 
of nine days in January, and the other of ten days in December. Unless 
these gaps could be filled, it is evident that at least the eleven months 
intervening would be lost. If a break in a tidal record occurs when a year 
is nearly completed, an overlap may be made to obtain 12 consecutive 
months; but at this station, the complete years for analysis are now 
running from May to May; and the overlap required would be too large. 
With the best arrangement possible, the period lost would therefore be 
be nineteen months; which shows what large losses may be involved if a 
tidal record cannot be completed. 

Methods of Interpolatton.—The breaks in the record, for which inter- 
polation is required, may be classed as short and long. If not much over 
a day, generally because of some slight accident, the missing portion can 
readily be filled in as a rule, by superposing the curves for successive days 
and interpolating between them. A difficulty only occurs, when the 
missing part happens to be the maximum or minimum at Spring or Neape 
tides; or if the curves are disturbed from the normal before and after the 
break. It is good practice also to replace any severe storm disturbance 
by an interpolated curve. During a day, or a day and a half, the suc- 
cessive tides may be raised or lowered from one to three feet; and such 
abnormal curves would only deteriorate accuracy if included in the 
analysis. 

The best method of dealing with long breaks, by which we mean a 
week or ten days, is what we will now describe. It may be said in 
general terms to be based on the recurrence of approximately the same 
form of tide curve after the lapse of a month; and consequently, that it 
should be possible to make an interpolation between the corresponding 
days in the previous and following lunar months. The half-month will 
not do, because the moon's distance varies during the period of a whole 
month; and successive Spring tides thus usually show a “‘semi-monthly 
inequality” which is always appreciable and in some regions is large. 
But after the lapse of a month, the phases of the moon are not far out of 
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accord with the declination and the distance, which agree closely with 
each other. Hence the general principle is that any missing day in the 
gap, can be interpolated between a pair of curves, drawn on the same 
sheet, which are for the corresponding days a month previous and a month 
later. 

The true average lengths of the “months” with which we have to deal 
are as follows, in mean solar days: 


Synodic month of the Moon’s phases, ......... aaeeea o o - 29.5306 days 
Anomalistic month of the Moon’s distance............. .. 27.5545 “ 
Month of the Moon's declination...................-. _.. -27.8216 “ 


In dealing with these periods, a difficulty arises at the outset because 
of the fractional half day in the Synodic month. To obtain an interval 
equal to the true length of that month before and after any missing 
day, a preliminary interpolation ought first to be made between the 
curves at 29 and 30 days before, and 29 and 30 days after; to obtain two 
curves which represent hypothetical days between the actual days at 
the proper interval of 2914 days. A final interpolation between this 
pair of hypothetical days, will then give the missing day required. 
This method has been tried; and although tedious, it should be satis- 
factory in dealing with tides in which all other variations are negligeable 
except those that recur in the period of the Synodic month. But in the 
more complex problem of Declinational tides, it was found that it was 
not practicable to adhere strictly to the Synodic month alone; and also 
that the double work entailed by this preliminary interpolation could be 
obviated by a different procedure. 

It was accepted as a working basis, that some compromise would 
have to be made between the length of the Synodic and Declinational 
months. Any variation in the Anomalistic month would thus be dealt 
with also, as its length is so nearly the same as the Declinational. 
The actual mean between the periods of the Synodic and Declinational 
months is 28.43 days, or very nearly 28% days. The difficulty of a half 
day reappears. Trial interpolations were accordingly made between 
pairs of curves at equal intervals before and after any missing day, the 
interval ranging from 27 to 30 days to cover the various months. It 
was finally decided to adopt an interval of 29 even days before and after 
the missing day. This gives somewhat greater weight to the Synodic 
month, as it is only half a day short of its length; and it is over 114 days 
longer than the Declinational month. 

When pairs of curves at this interval of 29 days before and after the 
missing day were placed together on the same sheet, there were times 
when on the one hand, the pair might be too widely spaced in time to 
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enable a good interpolation to be made; or on the other, when a large 
difference in the height of high and low water on the two curves of the 
pair, made the interpolation uncertain within appreciable limits.. This 
difficulty only occured during one half of the day, however, when the 
diurnal inequality was large owing to the moon being in high declination 
at that point in the month. At such times it could not be assumed that 
a curve exactly midway between the pair, whether in time or in height, 
would be truly correct in position. 

It was evident therefore, that if this compromise interval between the 
lengths of the months is to be adopted as a basis of interpolation, some 
method of checking the position of the interoplated curves at the points 
of high and low water should also be devised. As a rule, it is only 
necessary as above pointed out, to obtain the co-ordinates of the Higher 
high water and the Lower low water of the day. The method of com- 
putation is on exactly the same system as the double interpolation 
already described; as will be seen in the table here given. The interval 
of 281% days is the actual mean between the periods of the Synodic and 
Declinational months. It is also to be noted that the computation is 
based entirely on values read from the recorded curves, and not on pre- 
diction values from the Tide Tables. 


High Water | Low Water 
Dates in 1918 and 1919, and Description |—————__|-—————_- 
Time. Height | Time. Height 


H.M. Feet H.M. Feet 
Dec. 18.—29 days before the missing day.| 6:46 14.6 23:51 0.1 
Dec. 19.—28 days before the missing day.| 7:26 14.7 24:34 0.7 


Values on hypothetical curve, 28% days 
DelOre <4 5.4. egies east is REA aes ore 7:06 14.6 24:12 0.4 


Feb. 13 .—28 days after the missing day. .| 5:23 13.7 | 22:45 2.4 
Feb. 14.—29 days after the missing day..}| 5:53 13.7 23:25 2.9 


Values on hypothetical curve, 281% days 
A Gots Serie RERE S Hosswices| 0:38. 13.7 23:05 2.6 


Mean of hypothetical values, giving 
the actual day Jan. 16............. 6:22 14.2 23:38 1.5 


The degree of accuracy of this computation may be tested by the 
method shown in the first of the tables appended, in which the Synodic 
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and Declinational months are treated separately, each in its own period. 
The values for the same missing day (December 17) as obtained by the 
system adopted, are shown in the table next following. The whole four 
days, before and after, are here placed together, as the arithmetical 
result is the same as though they were averaged in pairs. The com- 
parison of the two results shows how very small any error is likely to be. 

Possible errors outstanding.—The only remaining sources of appreci- 
able error which seem possible, are those due to any want of balance in 
other periods. This may occur in respect to the position of perigee; but 
it would only be appreciable in regions where the effect of the moon’s 
distance is large, and also when the date of the missing tide curve was 
near to perigee. The forms of the curves on days a month earlier and 
later, being displaced 11% days relatively to perigee where change is 
rapid, might be affected. At any other time in the anomalistic month, 
the error from this cause would scarcely be appreciable. 

Another influence that may be unbalanced, is the declination of the 
Sun; especially since in the Declinational type of tide, this solar effect 
is so evident. The examples here under consideration are both near the 
solstices, when the solar element in the diurnal inequality is at its maxi- 
mum. At the break in January 1919, the interval of 29 days before one 
of the missing days, falls practically on the solstice; and 29 days after, 
falls two months from the solstice. 

The possibility of these sources of error can always be seen from the 
astronomical conditions at the time. To obtain a check upon them, the 
Tide Table values may be resorted to. It is to be noted that in these 
prediction values, all the influences affecting the tide, due to every move- 
ment of the sun and moon, are taken into account; and consequently the 
relative positions of the points of high and low water on different days, 
as given by their co-ordinates on the prediction curves, may be taken as 
correct. On the other hand, the absolute positions of these points, with 
relation to the observed points, may be considerably out of place; 
especially in early Tide Tables which are based on the first year or two 
of harmonic analysis, when the variation in the 19-year declination 
cycle may not yet be well determined. 

A point at high or low water on a missing day, can therefore be plotted 
on the tide diagram by placing it in the same position relatively to the 
observed points that the Tide Tables indicate. The relative and abso- 
lute positions of these points are shown in the Plates attached; one of 
these giving the sets of points on an enlarged scale. 

The Tide Table values may also be utilized if a check comparison is 
thought necessary, where the pair of curves between which the inter- 
polation is made are too far apart, or in dealing with the half-tides of 


f 
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less amplitude. By using some judgment in this matter, the system of 
computation need only be used for certain selected tides; which will 
save labour. 

Summary.—The general procedure in making the interpolation for 
each missing day may be thus summarized: l 

Trace the tide curves from the record obtained with the registering 
tide guage, 29 days before and 29 days after the missing day; the two 
curves to be placed on the same sheet, graduated for time and height. 
Draw an interpolated curve precisely midway between these in respect 
to both time and height. 

Before accepting this interpolated curve as correct for the missing 
day, the points of high water and low water are to be checked. If the 
diurnal inequality is large at the date dealt with, compute the time and 
height of the Higher high water and the Lower low water by the system 
described; basing the computation on readings from the recorded tide 
curves. The points thus computed, to be plotted in position; and the 
interpolated curve to be modified to pass through them, tangentially to 
the horizontal. This procedure will show whether or not it was correct 
to assume that the interpolated curve was midway between the original 
pair, especially in places where the pair are somewhat widely separated. 

When it is suspected that any element in the tide still remains 
unbalanced, because of the astronomical conditions at the time, the 
Tide Table values at high and low water may be plotted; and the similar 
points on the interpolated curve can be compared with these, to see 
that they have the same relative positions with respect to the high and 
low water points on the recorded curves. 

When these modifications and comparisons are made, and found 
satisfactory, the interpolated curve can be accepted as finally correct. 
The method here described, should apply equally well to other types of 
tide; and it should often enable a large part of a year of valuable tidal 
record to be saved, when interruptions occur, and utilized for harmonic 
analysis. . 

Supplementary Note.—It has been assumed that the interruption 
requiring interpolation occurs after Tide Tables are available from ana- 
lysis of the first year or two of observation. But if the interruption 
occurs a few months after observations are begun at a new locality, as 
for example in the first winter after a good summer season, this method 
of interpolation is still applicable. The only disadvantage is the loss 
of the check for outstanding errors due to any astronomical conditions 
that remain unbalanced, when these are not negligeable in amount. 3 
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APPENDIX 


Computation in the periods of the Synodic and Declinational months, 
taken ‘separately. Synodic month, 29% days; Declinational month, 
2734 days. All the readings as entered are from the recorded curves. 


High Water | Low Water 


Dates in 1919 and 1920 i eee | E 
Time. Height | Time. Height 
I.—IN THE SYNODIC MONTH. 
Nov. 17.—30 days before missing day.... 
Nov. 18.—29 days before missing day... . 
Jan. 15.—29 days after missing day ..... 
Jan. 16.—30 days after missing day...... 
Mean Synodic values................ 
II.—IN THE DECLINATIONAL MONTH. 
Nov. 19.—28 days before missing day... . 
Nov. 20.—27 days before missing day.... 
Jan. 13.—27 days after missing day...... 
Jan. 14.—28 days after missing day...... 


Mean Declinational values........... 


Mean of the two sets; giving Dec. 17..... 


COMPUTATION BY THE STANDARD SYSTEM. 


Nov. 18.—29 days before missing day... . 
Nov. 19.—28 days before missing day.... 


Values for 28% days before........... 


Jan. 14.—28 days after missing day...... 
Jan. 15.—29 days after missing day...... 


Values for 28% days after........... 


Mean of the two; giving Dec. 17......... 


a Re 
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The close agreement of the standard system with the more elaborate 
method, in which the two types of month are computed separately, will 
be noted. 

SIMPLIFIED ARRANGEMENT.—This further example of the standard 
method, shows the set of four days averaged together directly, for 
simplification; as the result is the same, arithmetically, as when averaged 
in two pairs separately. 


High Water | Low Water 


Dates in 1919 and 1920 


Time. Height | Time. Height 


H.M. Feet 
Nov. 20.—29 days before missing day....| 5:00 11.9 
Nov. 21.—28 days before missing day....} 5:35 12.4 
Jan. 16.—28 days. after missing day...... 4:15 11.8 
Jan. 17.—29 days after missing day...... 4:40 12.8 
Average of the four; giving Dec. 19....... 4:52 12.2 


Se R m e ee e 


THE MEASUREMENT OF SMALL CAPACITIES 
By E. S. BIELER, M.Sc. 


Presented by Dr. A. S. Eve, C.B.E., F.R.S., F.R.S.C. 
(Read May Meeting, 1920). 


In connection with some tests on high-tension porcelain insulators 
of the suspension type, it was found necessary to measure the capacity 
of one or more of these in series. Special precautions had to be taken 
in the measurement, as the total capacity usually amounted to less than 
25 micro-microfarads (22.5 cm.). 

Several methods were considered. Commutator and tuning-fork 
methods have become obsolete since the advent of generators of fairly 
high-frequéncy alternating-current of pure sine-wave form. The 
charge-sharing method used by Mr. Norman Campbell! for ionization 
measurements, although well adapted for measuring the capacity of 
electrometers, is not so convenient in the case of other small capacities. 

It was soon found that some bridge method must be adopted. The 
question of bridge measurements with alternating currents has been very _ 
ably treated by Mr. G. A. Campbell? in an article entitled ‘Shielded 
Balance,” but the arrangement of apparatus he describes, although well 
suited for institutions where measurements of capacity and inductance 
are continually being made, necessitates too great an outlay to be worth 
installing for a single research. 

Two variations of a bridge method were used. It was considered 
that the description of these methods would be of general interest. 
In the second method, in particular, the use of a guard-ring condenser 
with alternating current by double balance should invite special attention. 


].—COMPARISON WITH A MUIRHEAD AIR CONDENSER 


The two end terminals A and B (Fig. 1) of a Kelvin-Varley Slide 
Potentiometer were connected by means of a twin cable with an earthed 
sheath to a Vreeland Oscillator giving a pure sine-wave of current at 
about 12 volts and any frequency from 400 to 1,500. 

The insulators whose capacity was required, were suspended from 
the ceiling by a rope, about 1 ft. from the Slide. The top of the string 


1 Norman Campbell, “A Note ona Method of Determining Capacities in Measure- 
ments of Ionizaticn’’, Phil. Mag., 1911, Vol. 21, p. 42. 
2 G. A. Campbell, Electrical World, 1904, Vol. 43, pp. 633, 647. 
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was earthed and connected to the third terminal D of the Slide through 


a Brown telephone of 5,000 ohms resistance. The bottom could be 
connected to either of the other terminals A and B of the Slide. 


From Vreelond Oscillator 


=E 


Fig. 1 


Let R, R’, be the resistances included in arms AD, DB, respectively . 
Let C be the capacity to be measured. 
Let C’ be the capacity between the sheath and the lead to A. 
Let C” be the capacity between the sheath and the lead to B. 
If Ri, Ri’ are the values of R, R’ when balance is obtained with C 
connected up as in the figure, we have, 
(C+C”)/C’=R,/RyY. 
If R2=R,’ are the values of R, R’ when balance is obtained with C 
connected up as in the figure, we have, 
(C+C’)/C” =R’,/Rg. (2) l 
After C’, C” have been determined as indicated below, equations 
(1) and (2) give us two values of C, the mean of which may be taken. 
By deducting the lead capacity obtained in the usual way, the net 
capacity of the insulators can be determined. 
The value of the capacities C’ and C” can be obtained as follows. 
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Connect up as in the figure, leaving out C. If Rs, Rs’ are the values 
of R, R’, when balance is obtained, we have, 

CC! =R,’/Rs. (3) 

_ Now, in place of C, put in a known capacity Cı. If Ryu, Ry’ and Rs» 
R’; are the values of R, R’ when balance is obtained with C, connected 
to Band A respectively, we have, | 

(C4, +C")/C! = R4/Ry’, (4) 
and, | 
(Ci +C’)/C” =R's/Rs. (5) 

Equations (3), (4), and (5) give two determinations of C’ and C”, 
the mean of which may be taken. 

Taking as standard a Muirhead concentric cylinder air condenser, 
whose capacity, as found by measurement, was 0.00520 mfd., the follow- 
ing Capacities were found for one, two, and three ordinary ten inch sus- 
pension-type insulators. 


TABLE I. 
Lead 
Capacity, Capacity, Net Capacity, 
Specimen Micro-mfd. Micro-mfd. Micro-mfd. Cm. 
A 29.6 7.5 22.1 19.9 
B 33.4 7.5 25.9 23.3 
Mean for one 
Insulator. 24.0 21.6 
A and B Series 18.4 7.5 10.9 9.8 
C and D Series 20.3 7.5 12.8 11.5 
Mean for two 
Insulators 11.8 10.7 
B, C and D Series 16.5 7.5 9.0 8.1 


II.—COMPARISON WITH A GUARD-RING CONDENSER 


The Muirhead condenser had over one hundred times the capacity 
of a single insulator; to obtain more accurate results, it was found 
necessary to compare the insulator capacities with a capacity of approxi- 
mately the same value, and a special guard-ring condenser had to be 
built. In addition, the capacity between the leads and the sheath was 
not strictly constant, so that this capacity had to be removed to a part 
of the bridge where a small variation in it would have no appreciable 
effect. 7 
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The arrangement of apparatus was therefore changed to that given 
in Fig. 2. 


70 Yreelond Oscilator. =F 
Fig. 2 


A is the low resistance side of a Kelvin-Varley Slide Potentiometer 
consisting of 100 twenty ohm coils. 

B is a plug resistance-box, from which a small resistance is taken to 
allow of adjustment between the twenty ohm steps of the Slide. 

` C and C’ are two guard-ring condensers made up of glass plates, 

coated with tinfoil. The upper plate of each is connected to terminal (1) 
In the tinfoil of the lower plate is cut a circular part connected to ter- 
minal (2). The ring around it is connected to terminal (3). The two 
plates are kept apart by means of small distance-pieces of glass or other 
_ material, whose thickness is accurately measured. C rests on a table; 
C’ is suspended from the ceiling by a rope, and after calibration of the 
bridge, it is replaced by the capacity to be measured. 

Cı and C,’ are two adjustable parallel plate condensers, of which C,’ 
is provided with a micrometer screw for close adjustment. 

K is a two-way key, and T a 5,000 ohm Baldwin telephone. 

The junctions of a resistance arm and a capacity arm are connected 
to a Vreeland Oscillator. 

The leads from the Vreeland Oscillator and the telephone leads are 
shielded by earthed metallic sheaths. The movable contact of the Slide 
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is also earthed. Thus, the junction of the condensers is effectually 
earthed when balance is obtained, but the capacities between the leads 
and the sheath are now in parallel with the resistance arms of the bridge. 
The resistance arms are of such low impedance that these capacities 
introduce only a negligible phase shift. 

The theory of the method is better understood by reference to Fig. 3. 


4 
Na- 


R b R’ 


Fig. 3 


Let C, C’, be the capacities of two guard-ring condensers. 
Let A be th area of their guarded plates, 
d, x, be the distances between their plates, 
a, b, be the capacity of the leads to them, 
Cı, Ci’, be the capacities of their guard-rings together with 
small adjustable condensers in parallel with them. 
K is a two-way key, T a telephone, and V a source of alternating 
current of frequency f, or p/2r. 
With the key in position (1), condenser C’, is first adjusted until 
there is silence in the telephone, and then, we have, 
(C+a)/Ci = (C’ +8) /Cy’ 
Also the voltages at A and B are in phase and equal, so that the con- 
densers act as true guard-ring condensers, and we may write, 
C=A/4rd, 
C’=A/4rx. 
With the key in position (2), the movable contact D is then adjusted 
until silence is again obtained. 
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If we assume the inductance of the slide to be evenly distributed, 
we may write the impedances of the two parts as R (1+4q), Rı(1 +14), 
where g is some constant. 

Also, the impedances of the capacity arms are 1/ip(C-+a), 1/1p(C’ +b) 

When balance is obtained, we have, 

R (1+iq) _ ip (C'+b) 
R’ (1+ig) ip (C+a) 
that is, R/R’ =(C’'+b)/(C+a). 
If the lead capacity a is negligible, this reduces to 


R A/4rx+b 
R’ A/4xd 


or R/R’ =d/x+4rdb/A. 

Thus, there is a straight line relation between R/R’ and 1/x. The 
1/x intercept is —4 b/A, a quantity independent of d. Thus the curves 
connecting R/R’ and 1/x for various values of d should cut the axis 
of 1/x at the same point. 

Further, if we call this intercept — I, we can easily calculate the lead 
capacity from the relation b=AI/4r. The value of b obtained should 

be independent of A. 
- Comparison of the graphs of Figs. 4a and 4b, obtained with plates 
of different areas A shows that these conditions are very nearly fulfilled. 
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Fig. 4a 
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Fig. 4b 
Relation between the Value of R/R and the Reciprocal of the Distance x between the Plates 
Guard-ring Condenser 
d= Distance Be the tia tes of Gia ving Condenser C. 
Frequency f of supply=1 


The values of b obtained from Fig. 4a and 4b are 1.18 cm. and 1.16 cm. 
respectively. The leads are, of course, not the same as those of Method I, 
for which the correction is much larger. 

When a curve connecting R/R’ and 1/x has been obtained, the capa- 
city to be measured is substituted for the guard-ring condenser C’, and 
the same adjustments made. From the new value of R/R’, the corres- 
ponding value of 1/x may be found from the curve, and the capacity 
calculated by means of the formula C’ = A/4rx. 

The results of measurements on various types of insulators are given 
in Table II. 


TABLE II. 
ORDINARY SUSPENSION TYPE INSULATOR 
Specimen d Curve R R’ MeanR’ R/R’ 1/x Capacity 


A .476 a4 45 55.3 55.4 .812 1.495 21.78cm. 
55.5 

B .476 a4 45 55.4 55.4 812 1.495 21.78cm. 
55.4 

A 689 a-3 54 46.75 46.78 1.115 1.455 21.19cm. 


46.80 
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TABLE [1—Continued. 
Specimen d Curve R R’ MeanR’ R/R’ 1/x Capacity 
B -: .689 a-3 54 46.60 46.50 1.161 1.460 21.24cm. 
46.40 
Mean for one insulator. 21. 50cm. 
2 in series 1.000 a-2 44 56.3 . 782 .700 10.20cm. 
2in series 1.351 a-l 52 50.9 1.021 .700 10.20cm. 
Mean for two insulators in series 10. 20cm. 
3in 1.351 a-l 41 59.2 58.9 .696 .445 6.48cm. 
series 58.6 
3 in 2.000 a-0 50 50.8 51.3 .975 .438 6.38cm. 
series 51.8 
Mean for three insulators in series 6.43cm. 
4 in 1.351 a-l 35 67.3 67.5 .518 .315 4.59cm. 
series 67.7 
4 in 2.000 a-0 41 59.3 58.85 .697 .285 4.15cm. 
series 58.4 
Mean for four insulators in series 4.37cm. 
JEFFREY-DEWITT SUSPENSION TYPE INSULATOR 
Specimen d Curve R R’ Mean R’ R/R’ 1/x Capacity 
2-A 1.000 a2 54 46.1 45.9 1.176 1.020 7.55cm. 
45.7 
2-B 1.000 a-2 55 45.7 45.6 1.206 1.050 7.77cm. 
45.5 
Mean for one insulator 7.66cm. 
HEWLETT SUSPENSION TYPE INSULATORS 
Specimen d Curve R R’ MeanR’ R/R’ 1/x Capacity 
3-A 2.000 a-0 68 32.8 32.8 2.072 .690 5.11cm. 
32.8 
3-B 2.000 a-0 69 32.4 32.4 2.128 .700 = 5.18cm. 
32.4 
Mean for one insulator 5.14cm. 


Comparison between Tables I. and II. shows that the second method 


gives much the more satisfactory results. 


It is applicable to the measure- 
ment of other small capacities, such as that of electrometers. 


It must be remembered that, in Method II., there is some uncertainty 


about the lead correction. 


If the leads to the insulators and to the guard- 
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ring condenser could be made exactly the same in length and position, 
no further correction would be needed. This condition could, however, 
never be secured completely, and the correction applied is perhaps a 
little too large in the case of two or more insulators in series. The 
error from this source is small, however, since the lead correction is 
never much more than 20 per cent. of the whole capacity, and Method 
I. gives exactly the same lead capacity for two or three insulators in 
series as it does for one. 

In concluding, the writer wishes to thank Dr. A. S. Eve for his kindly 
interest in the work and Dr. L. V. King for many valuable suggestions. 


McGill University, July, 1920. 


SUMMARY 


The Measurement of Small Capacities of the order of 10 micro- 
microfarads is studied with special reference to that of High-Tension 
Porcelain Suspension Type Insulators. 

Two variations of an Alternating-Current Bridge method are given, 
namely, 

I. Comparison with a Muirhead Air Condenser. 

II. Comparison with a Guard-Ring Condenser. In this case, the 
conditions necessary for the use of a Guard-Ring Condenser are obtained 
by means of Double Balance. 

Two tables are given of the values of the capacities of various types 
of these insulators singly and in series. 


t 


THE ADIABATIC CONDENSATION OF ETHER VAPOUR 
By A. L. CLARg, Pu.D., F.R.S.C. 


Read May Meeting, 1920. 


It is a well known fact that water vapour under certain conditions 
condenses when expanded adiabatically. If the water vapour in the 
air is approximately near the saturation point, an adiabatic expansion 
will bring about condensation, which is greatly facilitated by the presence 
of nuclei in the air. No doubt almost all cloud formation is due to adia- 
batic condensation of moisture laden air. Conversely the adiabatic 
compression of a fog bearing body of air will bring about evaporation of 
the cloud if the compression is sufficiently great. We find evidence of 
both phenomena in the well known alto-wave cloud formation, or in 
the common cirrocumuli of “mackerel sky.” The visible portions are 
the crests of waves where the expansion accompanying increase in 
altitude has brought about cloudy condensation, while the blank spaces 
are the troughs of the waves where compression accompanying rapid 
descent has evaporated the cloud or has prevented its formation. 

The condensation mentioned is, of course, independent of the presence 
of air and takes place equally well in a closed tube where only water and 
water vapour are present. The same is true of the vapours of other 
liquids, indeed nearly all, in fact of all except a very few, notably ethyl 
ether whose saturated vapour has a positive specific heat at ordinary 
temperature. That the vapour of water should condense upon adiabatic 


Fie. 1, 
I. Water. 2. Carbon Bisulphide. Aceto 
6. Chloroform. 


ne. 4- Carbon Tetrachloride. s. Beazine. 
47. Ethyl Ether. 
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expansion was announced simultaneously by Clausius! and Rankine? 
and was shown later experimentally by Hirn?. 

This phenomenon was shown by Clausius to be a necessary conse- 
quence of the fact that the specific heat of water vapour is negative. 
It is shown in the larger treatises on Thermodynamics that where the 
specific heat of a saturated vapour is negative, adiabatic expansion causes 
condensation, if there is not too much liquid present, while, if the specific 
heat is positive, expansion always causes evaporation of the liquid. 
That the specific heats of the vapours of many common liquids are nega- 
tive is shown by figure 1, which was plotted from the data given by 
Duhem‘. While there seems to be considerable diversity in the varia- 
tions in the specific heat, Duhem has shown that there are only two 
classes of substances, those for which the specific heat of the saturated 
vapour is always negative and those for which the specific heat is negative 
for very low and very high temperatures becoming zero for two inter- 
mediate temperatures between which it is positive. Raveau® showed 
that the specific heat of a saturated vapour becomes negatively infinite 
at the critical temperature, while that of the liquid becomes positively 
infinite at the same temperture. So, it would appear that while the 
specific heat of ether vapour is positive throughout the region in which 
it has been studied, it must become negative as the temperature is raised 
to a point near the critical temperature. If this is so, adiabatic ex- 
pansion should produce condensation of the vapour as it does with water 
and most other liquids*. 

This phenomenon of condensation has been observed repeatedly 
with a very simple apparatus. This apparatus resembles the classical 
apparatus of Andrews and was built for lecture demonstration of the 
phenomena exhibited by a liquid and its vapour near the critical point. 
A thick walled glass tube of a few mm. bore and about 30 cm. long was 

1Clausius Pogg. Ann. LX XIX, 368, and 500, 1850. 

Rankine, Trans. Roy. Soc. Edin. XX, I, 157, 1850. 

*Hirn, Bull. de la Soc. Industrielle de Mulhouse No. 183. 

‘Duhem, Traite Elementaire de Mecanique Chimique, vol. II, p. 213. 

'Raveau, Jour. de Physique 3. I, 461, 1892. 

‘Mathias (Annales de la Faculté des Sciences de Toulouse T, 10, 1896) has shown 
that sulphurous acid behaves according to theory. He measured the specific heats of 
both liquid and vapour from 0° to 155° C, or just below the critical temperature and 
found the specific heat of the liquid is always positive and increases slowly until at about 
130° when it grows larger rapidly and becomes very large. The specific heat of the 
vapour is negative at 0°, increases to zero at about 98°, remains positive for a short 
interval, reaches a second point of inversion at 116° and then changes sign becoming 
very large negatively at 155°. In all probability the same general trend would be obser- 
ved for other liquids, though many would never be positive and have no points of inver- 
sion. 
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secured into a mercury chamber by a rubber packed stuffing box’. 
The chamber is connected by a steel tube to a second chamber containing 
oil under a screw which can be used to create pressure in the glass tube. 
The tube has a small amount of ethyl ether on top of the mercury. A 
small metal box containing coils of nichrome wire surrounds the upper 
part of the glass tube so that the tube and its contents may be heated 
to any desired temperature. Since the tube is surrounded by air as the 
only heating agent, the temperature is not as uniform as might be desired, 
but the apparatus serves very well. With this apparatus it is easy to 
bring the temperature to any desired point and then to change the volume 


Fic. 2. 


at will. Among other things it is easy to show the continuous change 
from liquid to vapour as exhibited by Andrews, a point of which so 
much was made by van der Waals. 

It is easy to see the effect of adiabatic expansion by plotting the lines 
of constant dryness on the temperature-entropy diagram and observing 
how the adiabatics or isentropics cut these lines. We have the necessary 
data in the results of Regnault for most of the common liquids. The 
entropy of the vapour calculated from zero Centigrade as the starting 


7Clark, Proc. Am. Acad. of Arts and Sciences. XLI, 371, 1906. 
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point is given by 
S=c log T/To>+Lx/T 

where c is the specific heat of the liquid (taken as constant), T is the 
temperature at which evaporation occurs, Te is the initial temperature 
(0° C), L is the latent heat of vaporization, and x the dryness or fraction 
of the mass which is vapour. If x be taken as unity the graph of the 
equation S=c log T/T? + L/T is the boundary between saturated vapour 
and unsaturated vapour. If we put x equal to any proper fraction, 
we have in the same way a curve of constant x, or a curve of constant 
dryness. These curves in Fig. 2 were drawn from calculations based 
on the data of Regnault. The curves for water slope downward toward 
the right for x greater than .5 and toward the left for smaller values. 
The curves for ether all slope downward toward the left. The ordinates 
represent temperature and the abscissae, entropy from 0°C. 

Mathias? has shown that for a saturated vapour an adiabatic increase 
in volume is always accompanied by a lowering of temperature so that 
an adiabatic or isentropic expansion is represented by a vertical line on 
the diagram and the state point descends as the substance expands. 
The condition of the vapour, which is always in the upper part of the 
tube, corresponds to a point well over toward the right of the diagram, 
in fact it actually may be in the unsaturated portion owing to the effect 
of gravity which separates liquid and vapour everywhere except at the 
interface. So, when water vapour is expanded the state point moves 
down and either cuts across the condensation line or meets successively 
lines of increasing values of x so that condensation must result. 

In the case of the adiabatic expansion of ether vapour, l 
at the temperatures included in the diagram, the state point moving 
down cuts the lines of constant x, so that the value of x is decreasing or 
the vapour gets dryer, If there is liquid present, it evaporates. The 
data for ether given by Regnault extend only to 230° C. so that the ine 
of phenomena interpreted though the diagram is limited. If, as te 
by Raveau, the value of the specific heat becomes negative as the critic : 
point is approached, it should be possible to get condensation T 
expansion, at sufficiently high temperatures. This was found to be A 
case and it is quite easy within a small range of temperature ae 
critical temperature to bring a dense cloud of vapour with a aah 
expansion. As the temperature is lowered it is not easy to accomplis 
this and as the temperature is lowered still more no cloud appears or 
expansion but upon compression there is evidence of condensation 
the walls of the tube, though we never see the dense cloud that we a0 
near the critical temperature. 


‘Mathias, Jour. de Physique, 4, 7, 618, 1908. 


at least 
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Somewhere between 120° and 194°, the specific heat becomes zero 
and changes sign and the temperature-entropy diagram must show the 
lines of constant x leaning over toward the left as the temperature is 
raised, probably somewhat as shown in the diagram of Fig. 3. 


Fic. 3. 


Strictly speaking, as was shown by Raveau, whether condensation or 
evaporation occurs when a saturated fluid is expanded adiabatically, 
depends on the algebraic sign of the expression 
: xh+(1—x)c 
where h is the specific heat of the saturated vapour. This may be shown 
easily as follows. If we take the result given by Mathais already 
referred to viz., that the temperature falls upon adiabatic increase in 
volume, we may use the expression for the heat absorbed by a saturated 
liquid and vapour 

dQ =Ldx [hx (1—x)] dT 
where L is the heat of vaporization. For an adiabatic expansion this is 
zero and 
dx Li 
dT hx (1—x) c 

If h be positive, dx is positive, or the mixture becomes dryer when 
expanded. If on the other hand h be negative the expression hx + (1—x)c 
may be negative and then dx is negative and the mixture becomes wetter 
upon expansion. If x is near unity, a negative value of h always means 
condensation with expansion, but if x is small, hx (1—x)c may be positive 
even when h is negative, and then evaporation results. Thus if water 
vapour contains too much liquid it will not condense. This is shown also 
by the manner in which the isentropic cuts the lines of constant x for 
x <0.5. This is, however, not a very practical point as the condition of 
the vapour must be very near the state, x=1. 

The condensation of ether vapour near the critical temperature may 
then be taken as a proof that the specific heat of the vapour is negative, 


as demanded by the investigations of Raveau. 
—7 
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THE SUCCESS OF REPRODUCTION IN SAGITTA ELEGANS 
IN THE BAY OF FUNDY AND THE GULF OF ST. LAWRENCE 


By A. G. HUNTSMAN and MARGARET E. REID, 
University of Toronto. 


‘The plankton of the Bay of Fundy is very poor in larvae of fishes. 
The tributary bays or basins, it is true, may contain rather large quanti- 
ties of fish fry, particularly in the spring and early summer; but the bay 
itself seems remarkably barren. The larvae that do occur are of those 
fishes that have attached or demersal eggs. The larvae of fishes with 
pelagic or floating eggs are noticeably absent. The floating eggs them- 
selves are common enough, although rarely very abundant. It is 
reasonable to conclude that the eggs fail to give rise to larvae. 

What are the peculiarities of this region that distinguish it from those 
coastal waters in which development of these fishes is successful? The 
Bay of Fundy is noted for its high tides, for its strong tidal currents, 
and for the prevalence of fogs. We have here a chain of conditions. 
The shape of the bay and the nature of its connections give full play to 
tidal action. The resultant swift currents in flowing over shoals and 
through passages mix the water rather thoroughly from surface to bot- 
tom, particularly between the group of islands, known as the Western 
Archipelago, placed at and near the entrance to Passamaquoddy bay. 
The effect of the mixing is that the surface water is never able to attain 
a high temperature during the summer. It, therefore, remains cool, 
and chills the air above it, thus producing the fogs. The surface water 
is not only kept cool, but is also kept very salt by being constantly mixed 
with the colder, salter water below. We thus havea correlation between 
these conditions and the failure in the development of certain fishes. 
Whether the failure is the result of one of these conditions, or of some 
factor associated with them, remains to be determined. 

Not only are many fishes affected in this way, but also a number of 
invertebrates. The medusa, Aglantha, the amphipod, Parathemisto, 
the schizopod, Meganyctiphanes, and the pteropod, Clione, may be men- 
tioned as species that are to be found in the bay as adults, but that 
fail to reproduce successfully there, although doing so elsewhere along 
our coast. It has been stated (Huntsman, 1919, p. 468) that the young 
of the Chaetognath, Sagitta elegans, are to be found generally along our 
coast in the summer, but are noticeably few or lacking in the Bay of 
Fundy, although the adults are usually to be found there in large numbers. 

99 
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We have undertaken to investigate this matter more thoroughly, in 
the belief that it has a very general import, and that it vitally affects 
the distribution and abundance of many of our commercial fishes. 
We purpose using Sagitia elegans as a type, inasmuch as it is of very 
general occurrence, and is of such sizes as to be obtained easily in plank- 
ton hauls in all stages of its life history. 

We are indebted in this, as in many other instances, to Professor A. 
Willey of McGill University, for much advice and assistance, particularly 
in the matter of the discovery and identification of the eggs of Sagitta 
elegans. 


VERTICAL DISTRIBUTION. 

The adults are usually confined to the deeper levels of the water. 
This is shown by the results of hauls made in deep water some distance 
_ from land, as at ‘‘Prince”’ stations nos. 2 and 3 (Huntsman, 1919, p. 463). 
Vertical hauls from near the bottom yielded a considerable number of 
individuals, whereas tows made near or a slight distance below the sur- 
face (down to 20 metres) gave none, or only one small specimen. In 
channels and near shoals where the strong tidal currents effect a con- 
siderable vertical movement of the water, all stratification is lost. Not 
only do the tows made at any depth almost invariably yield Sagtttae, 
as at ‘“‘Prince” station 1 (Huntsman, 1919, p. 463), but also it is a cus- 
tomary experience to see the animals darting to and fro near the surface 
of the water in the channel (Quoddy river) where this station is situated. 

We may quote from a previous account (Huntsman, 1919, p. 465) 
based upon conditions not only in the Bay of Fundy but in our Atlantic 
waters generally. ‘‘Sagitta elegans is confined to water of comparatively 
low salinity. It is affected by light, coming nearer the surface at night. 
It is affected by temperature, keeping to the colder water. The young 
behave differently from the adults, living in the lighter, warmer surface 
water. With increasing age it becomes gradually restricted to the 
darker, colder water, which is deeper.” 

The waters of the Bay of Fundy on the whole exhibit little stratif- 
cation, the mixing action of the strong, tidal currents resulting in a 
comparatively uniform condition from surface to bottom. This tends 
to eliminate the factors of temperature and salinity in the vertical 
distribution. It would seem that light remains as the dominating 
factor. 

The following records show the vertical distribution for the latter 
part of the summer of 1916 at several points in the Bay of Fundy. 
Station No.3 is between Grand Manan island and Nova Scotia; station 
no. 5 between Campobello island and the Wolves; and station no. 23 
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between St. John, N.B., and Digby, N.S. The hauls were taken ver- 
tically with a metre plankton net of no. O bolting cloth, closed before 
being brought to the surface. 


“Prince” station no. 3, August 25, 1916. 
Depth of hail (m.) isco) oeieawe een aes a 0-25|25-—50|50—75|75-125|125-175 


ee | ee | eee | ee 


Length of Sagtttae@mm.)................-- 2202 e ee 13-19/11-18/17-30|18- 31| 12- 25 


(Er E r r E E 8 © © © © © © © ee 6 oe ee ew ew we we we © oH ee we ee a 


Depth of haul (m.)...............0. 0 cece 0-25|25-50/50—75|75—100)100-150/150-172 
Length of Sagittae (mm.)..............- tee ~— ta-yol1s-26l19- 33| 24- 37 22- 34 
Number ols ils. 33 232 50 
“Prince” station no. 5, August 16, 1916. 

Depth of haul (m.)...... 0-30 | 30-60 | 60-90 90-120 | Note: Wire oblique. 


(0-25) | (25-50) | (50-75) | (75-100) | Figures represent 
amount of wire out. 
Depths were less, 
perhaps as in 
brackets. 


e | cores cymes |) ste eee cai 


“Prince” station no. 5, September 18, 1916. 
Depth of haul (m.)........... ee ere ere EEEE 0-25|25-50[50-75|75-100 


It is evident from these data that most of the Sagittae ire below 75 
metres depth, and only the smaller individuals are at all near the surface. 
There are distinct differences between the distributions for the latter 
part of August and those for the latter part of September and the 
beginning of October. The Sagıttae, chiefly the smaller ones, were nearer 
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the surface in August than in the other two months. The data for 
temperature and salinity at the various depths at these stations on these 
occasions as given by Vachon (1918, pp. 309 and 311) afford no ground 
for considering them as factors responsible for the differences in dis- 
tribution. The time of the day in every case was between noon and 
mid-afternoon. This does not, however, exclude variation in light from 
being the factor. In August of that year much fog prevailed in the Bay. 
The Monthly Record of Meteorological Observations for August 1916 
records for St. John, N.B., only two days, (15th and 20th), in the latter 
part of the month as free from fog or rain, and haze and fog were exper- 
ienced when the hauls were made. On the other hand in September, 
as given in the Monthly Record for that month, St. John experienced 
13 days without either rain or fog, and clear weather prevailed when the 
hauls were made in that month. Likewise during the first week in 
October the weather was clear. We may, therefore, conclude that the 
Sagiitae are driven to a lower level during clear weather than during 
foggy or dull weather. 

At “Prince” station no. 5 hauls have been made monthly with few 
exceptions from May, 1916, up to the present, (December, 1920). For 
the first two years three hauls were taken each time, one from the 
bottom to the surface, a tow at a depth of about 20 metres, and another 
taken just below the surface. In the mild winter of 1916-1917, Sagzttae 
were taken in the surface haul only in January and February. During 
the severe winter of 1917-1918, they were taken thus in November, 
December, and March, the ice preventing the hauls being made in 
January and February. The winter movement toward the surface 
might be considered as due either to the lessened light or to the lowered 
temperature. The evidence favours the latter interpretation. The 
middle of the period when the Sagittae are nearest the surface is about the 
end of January. This is the time of greatest cold, and much later than 
the time of least light (December 21). Conversely the Sagittae are deep- 
est during a period of which the mid-point is in August, approximately 
the height of summer in the water. 


HORIZONTAL DISTRIBUTION. 


Although the adult Sagittae are restricted to the deeper waters of 
the bay, yet as the bay is nearly everywhere comparatively deep, the 
area occupied by the adults is very extensive, and the total number 
of individuals, even when not numerous at any one place, is enormous, 
owing to thei being quite uniformly distributed. During the summer 
months they are comparatively rare in the tributary bays and estuaries, 
doubtless owing to the shallowness of these waters. However, when 
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they come near the surface in the cold part of the year, they are then 
to be found commonly, and even in large numbers, far up the estuaries. 


SEASON OF Maturity oF EGGs. 


In order to determine the season of maturity of the eggs, an exam- 
ination was made of the condition of the ovaries in adult Sagitiae taken 
in approximately monthly hauls from July of 1916 to August of 1917 
at “Prince” station no. 1, where Sagzttae usually occur in fairly large 
numbers, and of a haul in September of 1917 at “Prince” station no. 5. 
Where large numbers were present in the hauls only 10 were examined. 
The recorded diameter of the eggs in each individual is the average of 
seven measurements, only the largest cells being taken. The average 


TABLE I. 


“Prince” stations nos. 1 and 5. 
Aver. diam. | Diam. of 


Depth of Length of eggs largest eggs. 

Date haul (m.) Number in mm. in mm. 

1916 
July 10 15-18 T 26-31 0.315 
Nov. 6 30- 0 V 22. 5-30 0.090 | 

0-2 T 32 0.045 
Dec. 4 30- 0 V 21-33 .5 0.076 
Dec. 28 0-2 T 26. 5-33 .5 0.082 
1917 

Feb. 5 30-0 V 30. 5-36 0.099 
Mar. 30 18-23 T 33-39 .5 0.310 
May 3 | 02T 23-34 0.374 
May 26 10-12 T 25-37. 5 0.398 
June 16 | O 2T 24-37 0.446 
July 5 0-2 T 28-38 0.417 
Aug. 1 18-23 T 27-33 0.372 
Sept. 4 90- 0 V 21.5-31 0.357 


* After the depth the letter T indicates that a tow was made, and V that the 
net was hauled vertically. 
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diameter of the eggs for any month is the average of the diameters found 
for the ten individuals. 

The table above gives the date, the kind of haul, the number of 
Sagittae taken, the lengths of those examined (which may be regarded 
as typical of its entire number, as no special size was chosen), the average 
diameter of the eggs, and the diameters of the largest eggs. 

A consideration of the facts given in this table leads to the conclusion 
that the spawning season is a long one, extending from the end of March 
or the beginning of April to September at least. September 4 would 
seem to be near the end of the season, as at that time a smaller proportion 
of the individuals contained large eggs than previously. 

The diameters given cannot be taken as an accurate measure of the 
size of the eggs, as the eggs are compressed and distorted into unspherical 
shapes in the ovary, and for convenience the largest diameter was 
always measured. Hence the actual diameter of the free egg would 
probably be somewhat less. 


IDENTIFICATION OF THE EGGS IN THE PLANKTON. 


A first examination of material from the Bay of Fundy for the eggs 
of Sagittae was fruitless, so an examination was made of material from 
“Prince” station no. 30 in the Gulf of St. Lawrence, off Cheticamp, 
Cape Breton istand, where the young are known to be abundant during 
late spring. Weekly hauls from May 23, 1917, to July 11 of the same 
year were examined, and eggs were found which appeared to be those 
of Sagitta. The first ones recognized contained embryos coiled twice 
within the membrane, with the head slightly broader than the body. 
One was removed from the membrane and examined beneath the micros- 
cope, and the characteristic small black eyes of Sagitta were plainly 
discernible. They were also occasionally recognizable in the embryo 
within the egg. An examination of the earlier stages of the same eggs 
found in the hauls showed that the gastrula displayed the tripartite 
appearance due to the early development of gonads, which is typical of 
the eggs of Sagitta. 

The diameter of the eggs—roughly about one-third of a millimeter— 
corresponded with the size expected from measurements of eggs within 
the ovary, and the length of the final embryo was approximately the 
same as that of the smallest Sagittae found. Hence it was concluded that 
the eggs must be those of S. elegans, the only Chaetognath occurring in 
that place. 

At station no. 30 (see Table II) eggs were present in large numbers in 
May, and probably also in April, but disappeared in the middle of June. 
Three arbitrary stages in the development of the eggs were chosen, and 
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Seasonal occurrence of the eggs in the plankton, and the proportions of the various develop- 
mental stages throughout the season. — 


TABLE II. / 
t . 
“Prince” station no. 30. 
* Eggs in percentages Sagittae 
Date Depth of} Net — 
haul (m.)} number | No.|Stage 1|Stage 2/Stage 3| No. |Length (mm.) 
1917 

May 23 ca.7 T 116} 38 28 34 

100-0 V 20 10-27 
May 31 0-2 T 32} 16 47 37 6 2.5-4 

ca. 5T 33| 27 27 46 2 2.5 

ca. 7T 84} 23 33 44 + 2.5-3.5 

90-0 V 5 12-28 
June 6 jca. 7 T 78) 28 35 37 + 2.5-5 

90-0 V 8 16-26 
June 13 Ica. 7T 64 9 28 63 + 3-6.5 

90-0 V 1 6 

5 9-28 

June 20 jca. 7 T + 4.5-9.5 

90-0 V ca. 100 6-11 

1 27 

June 27 ca. 7T + 4-10 

90-0 V ca. 225 5-11 
July 11 jca. 7T + 7-12 

90-0 V ca. 140 7-13 


* The numbers refer to the standard grades in fineness of bolting cloth as given 
by Dufour & Co. 


the eggs classified accordingly. Stage 1 included all eggs with embryos 
varying in development from the single cell to the gastrula; stage 2 from 
the initial elongation to the single coil; stage 3 from that point to the 
final double-coiled embryo. At this station the proportions of stage 1 
decreased and those of stage 3 increased until the disappearance of the 
eggs. Small Sagittae, down to 2 mm. in length appeared at the end of 
May and were still found up to the middle of June, but at the end of 
June there was none smaller than 4 mm., and on July 11 the smallest 


” 
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taken were 7 mm. Evidently the spawning season in the Gulf was 
not continued beyond the middle of June. This sudden disappearance 
of the eggs coincided with an abrupt decrease in the numbers of the 
adults taken in the vertical haul with the larger net. The numbers of 
adults for the different weeks up to and including June 13 were 20, 5, 8 and 
5 respectively. On June 20 a single one was taken, and after that date 
none at all. That the adults had not entirely disappeared is evidenced 
by the fact that on August 23 of the same year a deep tow made below 
55 metres depth yielded 10 large Sagittae from 21 to 35 mm. long. 
Nearly all of these had well developed ovaries. It seems probable that 
spawning is not so limited in time in the Gulf as the results given in 
Table II would indicate. This view is corroborated by the finding in the 
early part of August, 1915, of individuals as small as 5 and 6 mm. in 
length generally distributed over the Gulf, even in the region where 
“Prince” station no. 30 is located, and at one place—‘‘Princess’’ station 
no. 3l1—some as small as 2 and 3 mm. in length (Huntsman, 1919, 
pp. 459-461). 

In the Bay of Fundy, however, we find a much longer season, (see 
Table III). As was expected after examining the ovaries of the adults, 
eggs were found in the plankton from April to October. 

Owing to the large numbers in which the eggs are found there, the 
results from station no. 3 seemed to be best suited for a study of the 
proportionate numbers of the three developmental stages in the different 
months. At station no. 30 where the eggs developed normally and the 
season ended early, the proportion of eggs in stage 3 increased as the 
season progressed, so the fact that at station no. 3 from April to the end 
of July the number of eggs in stage 3 was never as large as the number in 
stage 1, together with the almost complete absence of the young Sagittae, 
leads to the conclusion that the eggs do not develop properly in the Bay. 
September was the only month in which stage 3 predominated, and it 
was also the only month when young Sagittae were found in large numbers. 
Even then, their numbers do not approach the swarms found in the 
Gulf in the early summer. 

It is rather curious that in October the number of eggs in the first 
stages was again much greater than that in the later ones, and the number 
of young had also fallen off. This may have been due to the onset of 
cooler weather. The average of the temperatures at the surface and 
at a depth of 10 metres on each of the dates when tows were made is 
given in one of the columns of Table III. The abundance of the later 
embryonic stages and of the young shows a close correlation with the 
temperature, increasing up to September and then decreasing. 
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TABLE III. 
“Prince” station no. 3. 
Temp. of | Depth Ecos; 
upper of Net ggs in percentages 
Date 10 m. haul no. Stage | Stage| Stage 
me, (m.) No. 1 2 3 
1917 
Apr. 9] 2.27 0-2 T 5 5 80 20 
ee Sats & 5 2 100 
175-0 V 0 
May 4 257] 0-2 T 5 48 62 | 19 19 
ca, 7 Tt 54] + 66 | 10 24 
175-0 V| 0% 


———_ —— a aa | OS | OC | FF - |! LUC OO OCOrl"m "” 


June 15) 7.20] O-1T 5 
Cas 7 Y 5 1 100 
0 


160-0 V 

July 4 8.21 0-1 T 5 9 78 11 11 
ca. 7 T 5 15 60 20 20 
150-0 V 0 

July 31| 10.68 | 0-1 T 5 82 49 27 24 
=: Y et i 5 + 41 31 28 
175-0 V 0 

Sept. 4| 11.69 0-1 T 5 + 28 22 50 
Ga T 5 + 10 34 56 
175-0 V 0 

Oit: 2 9.73 0-1 T 5 59 58 18 24 
a7 E 5 28 78 11 11 


“Prince” station no. 4. 


Temp. of | Depth 
upper of Net 
10 m. haul no. 
Date 3C. (m). 


1917 
May 25 0-1 T| 5 


June 6 0-1 T| 5 
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TABLE Il]—Continued. 
“Prince” Station no. 5. 
Apr. 9 1.05 {ca. 7 Tj 5 6 100 


May 4 3.16 |ca. 7 Tj} 5) 60 68 | 15 17 


merece | cetera | eee erect | tee fee | meres fete | aerate eet fee TEE 


ca. 7T) 5 
Sept. 22) 9.77; O01 T/ 5 2 50 50 3 
ca. 7 T} 5 6 83 17 2-7 


Although the number of eggs found at stations nos. 4 and 5 was 
too small to give figures as to proportions which would be in themselves 
significant, the fact that they correspond with those from station no. 3 
gives them meaning. Here, again, the young do not appear until 
September, the warmest month of the season. 


VERTICAL DISTRIBUTION OF THE EGGs. 


Although the adults are restricted during the breeding season to 
the lower levels of the water, the eggs were found, as expected, near the 
surface. Reference to Tables II and III will show that there is no 
considerable or constant difference in their abundance at the surface as 
compared with a depth of 5 or 7 metres. We have no data as to their 
presence at greater depths. Although in stages 1 and 2 the eggs seem 
to be equally abundant at the surface and at 5 or 7 metres depth, there 
is some indication that in stage 3 some sinking has taken place, for where 
fairly large numbers were taken, as at station no. 30 on May 31 and at 
station no. 3 on May 4, July 31, and Sept. 4, the percentage at 5 or 7 
metres depth was greater than that at the surface. 


HORIZONTAL DISTRIBUTION OF THE EGGS. 
Little can be said about the horizontal distribution of the eggs from 
the insufficient data at hand, except that they are numerous. where the 


adults are numerous, as at station no. 3, and few where few adults are 
found, as at station no. 5. 


HORIZONTAL DISTRIBUTION OF THE YOUNG. 


The young are comparatively rare, and yet they are more widely 
distributed in the Bay of Fundy than are the adults. They are to be 


\ 
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found not only over the open bay, but also far up the estuaries, pene- 
trating into waters where the adults are not to be found, at least during 
the summer. 

At “Prince” station no. 21, in Kennebecasis bay, an arm of the St. 
John river, situated a considerable distance above the reversing falls, 
young individuals were taken in September, 1916, in the deeper wate., 
Vachon gives the salinity of this water as from 18 to 21 0/00 (1918, 
p. 323). Unfortunately all the surface water samples taken at that time 
were lost through freezing, but the surface water appeared to be entirely 
fresh. In this bay many miles from any known habitat of the adults at 
that time of the year, young Sagittae were to be found in the brackish 
water underlying the fresh water of the surface. As the Sagitiae were 
more abundant toward the mouth of the bay and occurred in the river 
connecting the Kennebecasis with St. John harbour and the Bay of 
Fundy, it is at least probable that all the individuals in the Kenne- 
becasis had been carried in from the Bay of Fundy either as eggs or young. 

The general observation has been made in recent years that young 
Sagitiae are more plentiful in the estuaries than in the open Bay of Fundy, 
and that in the latter they are more plentiful where distance from land 
and shoals permits stratification of the water as at station no. 3, than 
where the proximity of land and shoals ensures constant mixing as at 
station no. 5. In the spring of 1920 an opportunity was afforded for 
determining the distribution of the young Sagitiae in a rather long narrow 
estuary, the Magaguadavic river. This river empties into Passama- 
quoddy bay, and in its tidal portion a constant mixing of fresh and salt 
water takes place with the transition from one to the other not very 
abrupt. Four stations were established in this estuary, one at the mouth 
(‘‘Prince’’ station no. 158) one at the head of tide (no. 161), and the re- 
maining two in between. On June 19 at high tide tows with a net of 
no. O mesh were taken at the surface and near the bottom at all of the 
stations. On June 21 at low tide similar tows were taken at all stations 
except the uppermost. The Sagittae obtained in these tows are given in 
Table IV. From a consideration of these results it will be evident that 
at high tide the majority of the Sagitiae were to be found in the middle or 
upper portion of the river, and that at low tide they had shifted down to 
the lower half. 

The deduction might be made that this intermediate water of some- 
what low salinity and high temperature is more favourable for the 
survival of these animals through the period of embryonic and early 
adult life than is that of the bay. Another explanation must not be 
neglected. The presence of the Sagittae in this estuary a number of 
miles from the habitat of the adults is prima facie evidence of their 
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TABLE IV. 
“Prince” 
station no. 158 159 
Length Length 


Date | Depth} No. | (mm.) | No. | (mm.) | No. 


June 19| Surface 0 1 1 7 

High tide| Deep a 6 10 5-10 Erg 6 
June 21 0 

Low tide 10, PE 5-10 Eg 


having been transported thither. It will have been the inflowing deep 
current of strongly saline water that has carried them. They tend to 
remain near the bottom at least during the bright half of the day, as 
is shown in Table IV. This habit permits them to escape being carried 
from the estuary by the outflowing superficial current of somewhat 
brackish water. They should, therefore, tend to accumulate in the es- 
tuary. This explanation is sufficięnt to account for the facts that have 
been given. - 

DISCUSSION. 

In the Magdalen shallows, as at ‘‘Prince’’ station no. 30, Sagitta 
elegans breeds very successfully. The picture presented in Table II 
is a uniform one. Eggs were very numerous on May 23rd, 1917, but 
no young had yet appeared. By May 31st hatching had begun, and 
by the middle of June egg laying was complete. Development in the 
egg must proceed very rapidly, as, although all stages were found on 
June 13th, none at all were taken on the 20th, and the young had ad- 
vanced considerably beyond the stage at which they emerge from the 
egg. The maximum size of the young steadily increased from 4 mm. 
on May 31st to 12 mm. on July 11th. The physical conditions of the 
water in which there was this success in the development of the embryos, 
in the hatching of the eggs, and in the growth of the young, were the 
following, as furnished by Professor Vachon in advance of publication: 
During the period when the eggs were developing, the temperature rose 
at the surface from 3.44 to 9.10°C., and at 10 metres depth from 2.40 to 
5.09°C. By July 11th at both levels the temperature had nearly reached 
14°C. The salinity during the whole period was quite constant, the 
extemes being 29.61 and 30.53 0/00. The densities also varied little, 
the range being from 1.02134 to 1.02429. 

In the Bay of Fundy, as at ‘‘Prince” station no. 3, breeding is a 
failure. The spawning season is prolonged as compared with the 
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Magdalen shallows, but we are not prepared to state which condition 
is the normal one. Although eggs are produced for at least six months 
of the year, from April to October, recently hatched young were found 
only in the latter half of the period. Throughout the whole period, ex- 
cept in September, the early embryonic stages predominated, indicating 
an extremely high mortality of the embryos. Not only so but, with 
the same exception, the young were either absent or extremely rare, 
and these all recently hatched, indicating that the few that were hatched 
did not survive long. Only in September did the picture brighten 
temporarily. On the 4th of that month the hauls gave a preponderance 
of the later embryonic stages, a rather large number of young, and some 
of these with a length as great as 10 mm. This improvement seems to 
have been without effect on the final result as on October 2nd not only 
did the early embryonic stages again predominate, but there was no 
indication of the survival of the young hatched in September. At 
“Prince” station no. 5 the results were similar. 

The physical conditions at Station no. 3 as furnished by Professor 
Vachon were,—the temperature rising from 2.27 to 12.19° C. at the 
surface and falling again to 9.77° C., that at a depth of 10 metres being 
somewhat lower; the salinity varying from 27.90 to 32.56 0/00 at the 
surface, and from 30.99 to 32.56 0/00 at 10 metres depth; and the 
density ranging from 1.02222 to 1.02604 at the surface and from 1,02396 
to 1,02604 at 10 metres depth. 

It must be confessed that in spite of the general differences between 
the Gulf of St. Lawrence and the Bay of Fundy, there is little in the 
physical data for the stations and periods under consideration to con- 
sider as responsible for the great difference in success in breeding in 
these two regions. For both the range in temperature is so great and so 
very similar as to make it necessary to exclude it as a factor. The 
salinities and densities at station no. 3 were on the whole higher than 
those at station no. 30, but not uniformly so. We are forced to conclude 
that a factor that may be responsible for the differences has yet to be 
demonstrated. 

As it has been shown definitely that failure attends the reproduction 
of Sagitta elegans in the Bay of Fundy, the origin of the adult population 
of the Bay must be sought elsewhere. Great scarcity of the young has 
been found to obtain every year from the time (1915) when observations 
were begun, up to the present. In the autumns and winters of 1915, 
1916, and 1917, the adults were found in large numbers, but during the 
following years they decreased, the lowest ebb being reached in the 
spring and summer of 1920. The Chaetognaths do not maintain a 
movement in any one direction, but dart somewhat aimlessly first in 
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one direction, then in another. There can be no doubt but that the very 
considerable fluctuations in their numbers is caused by their being 
carried into the bay in varying quantities from the adjacent Gulf of 
Maine. Currents suthicient for this have been shown to exist on the 
Nova Scotia side of the mouth of the bay. Herring larvae from eggs 
spawned outside the bay have been found carried in along the shore, 
and the drift bottle experiments conducted by Dr. J. W- Mavor have 
definitely proved the same movement to occur. The tributary bays 
and basins, although somewhat more successful than the Bay of Fundy 
itself as breeding grounds for Segists, do not provide sufficient young 
to account for the enormous numbers of adults that are frequently found 
there. 

The sagittid population of the Bay of Fundy is kept up therefore, 
almost wholly by indraughts from the Gulf of Maine. 


CONCLUSIONS. 

(1) Sagitta elegans breees successfully in the Magdalen shallows of 
the Gulf of St. Lawrence, as shown in the regular advance in develop- 
ment of the eggs and young with the progress of the season. 

(2) It does not breed successfully in the Bay of Fundy. as shown by 
the predominance of early embryonic stages throughout the season and 
by the scarcity of young. 

(3) The data of neither the temperature, the salinity, not the density, 
afford grounds for considering any one of them as the factor responsible 
for this difference between the regions. Some factor associated with the 
general difference in conditions of the two regions must be sought. 

(4) In the Bay of Fundy, the very limited success in breeding is 
correlated with the attainment of a high temperature, with the develop- 
ment in deep water of a special surface layer, or with the presence of 
estuarial conditions. 

(5) The population of adult Sagittae in the Bay of Fundy is too great 
to be the result of local breeding, and must be considered as the result of 
indraughts around the southern end of Nova Scotia from somewhat dis- 
tant waters. 
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SCIENCE AS APPLIED TO NAVAL ARCHITECTURE AND 
SHIPBUILDING 


By REAR ADMIRAL D. W. TAYLOR 
Chief Constructor, U.S. Navy 


The application of science to the world inhabited by those who go 
down to the sea in ships is a very large subject and I need hardly say 
that I am not undertaking to cover it in detail. 

The production of a large ship, particularly of a vessel of war, requires 
perhaps the co-operation of more arts and trades than the production 
by man of any other single object. This fact is seldom realized by the 
average man as may be illustrated by a peculiar situation. 

A number of years ago, in the City of Philadelphia and State of 
Pennsylvania, a sailor from the U. S., Battleship Maine was arrested one 
night for alleged intoxication—this was nearly twenty years ago. Next 
morning the magistrate had planned to show leniency to the prisoner, 
but before dismissing him asked him what he did on the battleship. 
The sailor replied that he was the ship’s bricklayer. Regarding this as 
persiflage and as rather reflecting upon the intelligence of the court, the 
Magistrate promptly sentenced him to the limit of the law, but the poor 
man had told the exact truth. The battleship to which he was attached 
had a number of boilers of a new type involving the use of a large amount 
of fire brick in the furnaces and continual patching of the same as the 
old brick wore out, and this work took up the whole time of the prisoner. 

The art of shipbuilding is one of the oldest known of man. Its 
Origin is lost in the mists of antiquity but I understand that the earliest 
record of a ship, as distinct from a boat, canoe or other small craft, is 
found in Egyptian carvings dating some three thousand years or so before 
Christ. 

The science of naval architecture, like so many other branches of 
science, developed somewhat slowly and, although one nation atter 
another came to the front in this respect, we have to-day little infor- 
mation concerning the methods and principles adopted by their master 
shipbuilders. If we go back some thousand years before Christ we will 
find that the Phoenicians were building the best ships and carrying the 
commerce of the Mediterranean. Carthage later forged to the front 
but the Romans in time learned to build superior ships and acquired 
command of the Mediterranean. The Roman Liburnian galleys seem 
to have been of a superior type. Later the Vikings of Denmark and 
Scandinavia built most excellent ships. Tiny though they were as 
judged by present day standards they were seaworthy in the exceptionally 
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rough waters of Northern Europe and thoroughly suited for the condi- 
tions which they had toencounter. The Vikings of that time dominated 
not only their own waters but the English Channel and the seas around 
Great Britain. Only about 900 A.D., when King Alfred the Great had 
learned how to build better ships than those of the Vikings, did the British 
Islanders show ability to cope with the Northmen, and the command of 
the sea which Great Britain has held intermittently ever since dates 
back to the improved ships of King Alfred. 

The ships of these ancient days were undoubtedly developed by 
trial and error and built largely by rule of thumb. The science acquired 
by each successive builder must have largely died with him. 

The application of science, as we now understand it, to naval archi- 
tecture is not much more than one hundred and fitty years old, and the 
progress of the application of science to shipbuilding during the last sixty 
years accompanying the development of iron and steel shipbuilding, has 
been greater than that of all previous time. 

The French as early as the seventeenth century began applying the 
science of mathematics to shipbuilding, but probably the first scientific 
treatment of the whole subject was that of the famous Swedish naval 
architect and shipbuilder, Henry de Chapman, who published a treatise 
an shipbuilding in 1775. While English speaking people were leaders 
in the art they seem to have long been rather backward in the science. 
For instance, the dearth of scientific literature on shipbuilding in the 
English language was so great that as late as 1820, Doctor Inman, the 
head of the Royal Naval College and School of Naval Architects in 
Portsmouth Dockyard, England, which was established about that time, 
published a translation of Chapman’s work, then nearly fifty years old, 
for the instruction of English students of naval architecture. Chap- 
man’s work, as might be expected, consisted largely of empirical rules 
and, although far in advance of his day and much of it still applicable 
to sailing ships, many of his ideas are now known to have been erroneous. 

Toward the end ofthe sailing-ship era we find Ruskin summing up 
an opinion of the ships of his day. Ina famous passage he said: 

“Take it all in all, a ship of the line is the most honorable thing 
that man as a gregarious animal has ever produced. By himself, 
unaided, he can do better things than ships of the line; he can do 
poems and pictures and other combinations of what is best in him. 
But as a being living in flocks and hammering out with alternate 
strokes and mutual agreement what is necessary for him in those 
places, to get or produce the ship of the line is his first work. Into 
that he has put as much human patience, common sense, forethought, 
experimental philosophy, self-control, habits of order and obedience, 
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thoroughly wrought handiwork, defiance of brute elements, careless 

courage, careful patriotism, and calm expectation of the judgment 

of God as can well be put into a space 300 feet long and 80 feet broad, 
and I am thankful to have lived in an age when I can see this thing 
done.” 

Whatever may be said of the ships of the line of. to-day, few people 
regard them as things of beauty, and I fear Ruskin would not have shown 
the same enthusiasm over them; but as achievements of mechanical 
science, the ships of the present day and generation have made enormous 
progress from the sailing ship of the line. Ruskin’s 300 feet of length has 
tripled and the ship of the line of to-day is ten times or more as large, 
measured in terms of weight, as the old sailing ship of the line. This 
progress could not have been made had not the naval architect utilized 
fully the enormous development of science since the sailing ship days. 

Consider now very briefly a few of the actual branches of science’ 
which play a part in connection with ships. 

While out of the sphere of shipbuilding, I want to touch upon one 
notable branch of science, possibly the oldest science there is, which, 
largely sterile as regards workaday affairs ashore, is essential to the sea- 
man and applied every day by him. I refer to astronomy. The ancient 
astrologists—the leading men of science of their day—ascribed to the 
stars great influence upon the affairs of men. I think I am correct in 
saying that at the present day the work of the astronomer, intensely 
interesting and important as it is, has its only practical value ot general 
application in the accurate determination of time. The rays of light 
that render the stars visible to us to-night left them long ago, thousands 
of years in some cases I believe. What we may learn concerning them is 
interesting but not of practical importance so far. Some day, 
possibly very soon, the close and incessant study of the sun which has 
been going on for so many years will be fruitful as regards weather 
prognostications, and it may be that in the future astronomy will show 
results which will be of great pracitcal importance to the whole of a 
workaday world. The sailor, however, for many years has made his 
safe and sure passage from one point of the earth’s surface to another by 
utilizing the work of the astronomer in the shape of accurate predictions 
of the position of the heavenly bodies in reference to the earth and the 
accurate determination of time made possible by the patient astronomer. 

May I illustrate by a very brief and simple concrete example. At 
100’clock this morning at Toronto the sun’s angle above the true horizon 
was 22° 31’ 41”. But this was not the only spot upon the earth where 
the sun had this altitude at this time. The locus of such spots formed an 
enormous circle which, leaving Toronto to the eastward, passed through 
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the Gulf of St. Lawrence and the Atlantic, striking land in Morocco, 
traversed Africa passing near the Cape of Good Hope, passed within 300 
miles of the South Pole, entered the Pacific south of Cape Horn, came 
northward in the Pacific striking the American continent at Manzan- 
illo Bay, Mexico, entered the United States in Texas and passing through 
the States of Arkansas, Indiana and Ohio returned to Canada and 
Toronto. 


At two o'clock this afternoon in Toronto, the sun’s altitude was 
22° 34’ 15”. The circular locus of equal altitude passed through New 
York then southward in the Atlantic, through the eastern portion of 
Brazil and on nearly to the South Pole. Swinging northward, it passed 
_ through New Zealand, the Fiji Islands, westward of Hawaii, struck the 
continent again near Vancouver and so back to Toronto. Each of 
, these circles contains an infinite number of points, but they intersect 
each other in but two, Toronto and a point, in the southern hemisphere 
only 300 miles from the South Pole. 

From a single time sight, as it is called, namely, the determination of 
the altitude of a heavenly body at a known time, the navigator can 
determine a locus upon which he must be. A second time sight at a 
second known time determines a second locus which crosses the first. 
It is this principle which is largely relied upon by the modern navigator 
and, with his astonishingly accurate instruments for recording time, he 
can determine his position with great accuracy providing he can see the 
heavenly bodies. Unfortunately, as we know, this is not always 
possible. A recent development of science has enormously facilitated 
accurate navigation, particularly in the vicinity of land where accuracy 
of navigation is most important. By means of radio apparatus the 
direction of a ship from each of two radio stations ashore can be deter- 
mined, and hence the position of the ship herself. This is being done 
day by day off our coasts. I am betraying no secrets when I state that 
one very valuable means used in coping with the German submarines 
during the late war was the determination of their positions, approx- 
imately, through receipt of their radio signals at shore stations of the 
British Isles. | 

But to return to the question of the various sciences. Of course 
mathemgtics are essential and the science of naval architecture finds use 
for many of its branches. To instance a simple case, accurate calcula- 
tions are of the greatest importance in connection with shipbuilding. 
The displacement of the ship is the capital upon which the naval architect 
has to work and it is necessary that he calculate this displacement with 
the utmost accuracy. The mathematics of mensuration are neither 
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dificult nor abstruse but much iagenuity has been expended in devising 
simple forms and methods for ship calculation. 

In spite of our desire for shortening work, it is usually regarded as 
essential that forms of such work should contain an automatic check. 
For instance, when determining the volume of a ship below water we 
calculate the areas of a series of transverse sections and then sum them 
longitudinally and from the same original ordinates calculate the areas 
of a series of horizontal sections and then sum them vertically. If 
the identical result is obtained by the two methods we naturally con- 
clude it is correct. I recall, however, one example in my experience 
where such a result was wrong. Intermediate errors produced the ident- 
ical error in each result. Fortunately it was not material. 

To instance another application of mathematics. It is this science 
in the end which has made possible the modern systems of control of the 
firing of the great guns which permit them, with a considerable degree 
of accuracy, to drop a shell weighing as much as a ton on a compara- 
tively small target at distances of twelve to fifteen miles. If the ship 
and its target were both fixed, mathematics would play a comparatively 
small part. The range finder, developed from the science of physics, 
would be the primary factor involved, but when a shell has to spend 
many seconds in the air (nearly half a minute at extreme ranges) from 
the time it leaves the gun until it reaches its mark, when the firing ship 
and the ship fired at are moving at variable speeds, each with a possible 
angle of 360 degrees in azimuth, even an accurate knowledge of the dis- 
tance separating the ships firing and fired at, at the instant of firing ora 
short time before, is of comparatively little value. Other variables 
mentioned above, all come in and the accurate control of fire of the pres- 
ent day is based largely upon instruments or mechanisms which permit 
the instantaneous solution of problems containing as many as half a 
dozen variables. 

Chemistry is a science just as important in shipbuilding as any 
other branches of engineering. For men-of-war the problems involved 
in the manufacture of propellent powders and high explosives in sate 
and desirable forms are essentially chemical problems. Chemistry, 
also, is essential in metallurgy, which plays one of the most important 
parts in shipbuilding by providing numerous varieties of steel, ferrous 
alloys and non-ferrous metals, which are used in the various parts of 
the ship and its equipment. Of course most of these materials are in 
general use but some of them have been developed solely for the use to 
which they are put on ships and there are many peculiar chemical 
problems. I recall one case which illustrates such a problem. As we 
all know, aluminum has extreme lightness and adequate strength for 
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many purposes, such as cooking utensils. A number of years ago in 
the United States when building some torpedo boats, we sought to save 
weight by the use of aluminum in various places where strength was 
not important. We found however that the aluminum sooner or later 
in the presence of salt water or even salt air degenerated into a chalky 
substance. Curiously enough a recent alloy of aluminum, known as 
duralumin, seems quite resistant to destructive forces which soon dis- 
integrate pure aluminum. 

The science of physics has played a particularly prominent part in 
men-of-war of late years. The branch of optics alone has given us the 
theories of and made practicable the various range-finding instruments 
which, in conjunction with the fire-control systems, make possible the 
accurate firing of guns and torpedoes. Even acoustics is a branch in- 
volved in connection with all vessels. They all require the trans- 
mission of intelligence by means of sound. Other methods of transmis- 
sion of intelligence and orders are used however as it is essential for men 
of-war that the systems of communication be adequate and so arranged 
that they will not fail us by probable damagg from the enemy, or break 
down in the midst of the noise and confusion of battle, or because of the 
high mental tension at such times of the personnel using them. 

The sciences of physiology, medicine and, hygiene seem alien to 
the naval architect but cannot be ignored in connection with the con- 
struction of any ship. During war and under war conditions it is some- 
times necessary to operate with little regard to hygiene, but during the 
long years of peace a large battleship must be the healthful and as far as 
possible the happy home for anywhere from 1,000 to 1,500 men. At 
best these men live under somewhat crowded conditions, and what we 
term in the Navy ‘‘berthing and messing facilities,” which correspond to 
the housing, and feeding conditions in ordinary life must be based on 
the most modern scientific principles. 

The ventilation of a large man-of-war involves many problems other 
than those of hygiene. Such vessels are made up of a large number of 
compartments or cells of which the majority are watertight and airtight. 
Some of them are never occupied by human beings except for such pur- 
poses as cleaning and painting. Double bottom compartments and oil 
fuel tanks are in this class. Some compartments such as storerooms and 
Magazines are occupied at intervals but not continuously. Fire rooms 
and engine rooms and dynamo rooms are occupied continuously in the 
service of the ship and need to be cooled as well as ventilated. While 
we use as living quarters every part of the ship which receives natural 
daylight and ventilation, it is still necessary for men to live in spaces 
where they must rely upon artificial light and ventilation. Our ven- 
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tilating pipes and apparatus must not only supply the crew with ade- 
quate air but must be planned so that they will not allow water to pass 
from a compartment flooded by damage in action to another still intact. 

- To insure efficiency in battle, the design must take careful cognizance 
of what medical science has ascertained as to the limitations of human 
endurance when working at high pressure under adverse conditions. 
_ In addition to the general hygienic considerations to be taken into account 
throughout the whole ship, a large first-class ship at present carries a 
completely equipped medical establishment or hospital, including 
operating rooms, isolation ward for contagious diseases, special exam- 
ining and treatment rooms, dental facilities, etc. During late years 
there has been developed a specialized type of hospital ship proper, which 
accompanies the fleet and furnishes it with hospital facilities essentially 
equal to those found in the best hospitals ashore. 

Electrical science pervades a modern man-of-war from stem to stern. 
On our latest capital ships electrical apparatus is used to drive the ship, 
to steer the ship, to train and fire the guns, to hoist the anchor, to raise 
the ammunition, to turn tbe turrets, to ventilate the ship, and for an 
infinite number of minor purposes. 180,000 H.P.=Electric power of 
a city of 700,000. 

During the last ten years or so the growth of wireless telegraphic 
methods of communication—radio we call it for shortness—has been 
such as to establish virtually a new branch of science. Radio has found 
its major use so far in the communication between ships at sea with other 
ships and with the land. I need not enlarge upon its value in this field 
but desire simply to call your attention in passing to the fact that useful 
and used as it is on land, radio telegraphy has been developed mainly 
for use on shipboard. 

I hope I have said enough to make clear the fact that practically 
every branch of science and engineering (which is applied science) must 
or can enter into the design of the great ships of the present day. 

The great advantage of the scientific development of naval archi- 
tecture which has been so notable during the last fifty years or so, 1s 
that we are enabled to progress by long steps rather than short. The 
naval architect seldom evolves a ship out of his own consciousness, as 
the German philosopher undertook to do with the elephant. The first 
estimate or approximation of a ship to meet certain requirements must 
be based largely on previous practice and experience. Before the devel- 
opment of scientific naval architecture in its modern sense, this resulted 
in rather ‘slow step-by-step progress from one ship to another. By 
applying scientific analysis and methods to the results of the past, 
however, we are now able to make our steps much greater, so that 
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during the last quarter of a century advances which would have been 
bold to rashness at an earlier time, have become almost routine. This 
rule of step-by-step progress referred to above, has at least one aston- 
ishing exception: Nearly seventy years ago a famous English civil 
engineer and bridge builder, Brunel, turned to shipbuilding, maintaining 
that the larger the ship the more economical and efficient her operation, — 
a perfectly sound scientific principle. Brunel attracted large capital, 
and in association with Scott Russell, a shipbuilder and naval architect 
finally produced the Great Eastern which was indeed a giant to a pigmy 
when compared with the other iron steamships of her day,—(we must 
not forget that iron shipbuilding was a very recent art in those days). 
The Great Eastern had her keel laid in 1854, was launched in 1858 after 
many difficulties, and put in service in 1859. She fell short of the 
expectations of her designers in some respects, and was not a commercial 
success mainly because she was too big a step forward, but that she 
was built at all was truly a remarkable accomplishment and due largely 
to the fact that Brunel utilized to the utmost the engineering sciences of 
the day. Not until 1899 was a vessel the size of the Great Eastern 
again built. 

Let us consider now a little more in detail a few applications of 
science to essential features of the ship. Three primary problems with 
which the naval architect has to deal are the stability, the strength and 
the propulsion of the ship. One thing that is obviously necessary for 
a successful ship is that it should not capsize. The science of mathe- 
matics has been applied to investigating the question of stability of 
vessels,—stability being the measure of the ability of a ship to remain 
upright or return to the upright when inclined by wind or waves. In 
the ships of ancient days, stability was largely gained by carrying ballast 
or heavy weights low down, the amount and location of such ballast 
being frequently determined by trial after the ship was completed. 
This meant that, except when copying ‘a preceding vessel, it was not 
known in advance whether a proposed design would be satisfactory as 
regards stability. I believe about the first person to apply scientific 
methods to this problem (at least the first of record) was a French 
mathematician named Bouger, who developed the idea of the meta- 
center. In mathematical language, the metacenter is the center of 
curvature of the locus of the center of buoyancy of the vessel as it is 
inclined. As a practical proposition the metacenter is the limit above 
which we cannot locate the center of gravity of the ship without having 
her initially unstable and unable to float upright. The greater the dis- 
tance of the center of gravity below the metacenter, the stiffer the ship 
is initially, or the harder to heel from the upright position. Itis supposed 
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that the word ‘‘metacenter” is derived from the Greek work meta, 
limit or goal, and the word center, meaning the limit of the position of 
the center of gravity. 

The position of the metacenter depends upon the geometrical form 
and dimensions of the ship. Perhaps a homely illustration may clarify 
this conception of the metacenter which appears to be a mystery to many 
laymen. Suppose you take an ordinary rocking chair with a circular 
rocker, (rocking chairs are not made with circular rockers as a rule, but 
they are sufficiently near the circular for the purposes of my illustration). 
The rocker is rather flat and the center of its circle is well above the seat 
of the rocker and even above the arms. So ordinarily the center of the 
curvature of the circular rocker is above the center of gravity of the chair 
and the latter is above the center of gravity of the chair and the latter 
stays upright. The flatter the rocker and hence the higher the center of 
the circle, the stiffer the rocker is. If, however, one takes a table and 
secures it on the seat of the chair so that the plane of the table is above 
the center of curvature of the rocker, and then proceeds to pile weight 
upon the table, it is only a question of time when the center of gravity.of 
the combination will rise above the center of the rocker circle, in which 
case the chair. will promptly capsize. Before loading the combination 
with top weight, the chair if tilted will oscillate quickly and sharply. 
As we pile on weight, the period of oscillation will increase with 
decrease of metacentric height, and the period will incredse indefinitely 
as we approach a metacentric height of zero, the motion of oscillation 
becoming more and more sluggish. 

After Bouger developed the conception of mathematical methods for 
calculating the position of the metacenter of a ship, Atwood, an English- 
man, carried the matter further by calculating the righting moment or 
righting tendency which would tend to bring the vessel upright if twisted 
over in smooth water. For many years the metacentric conception, 
which applies only to initial conditions, appears to have been sufficient 
for practical purposes. About fifty years ago, however, there was a 
marine disaster which brought home very strongly to naval architects 
the fact that there was another factor involved in stability. You may 
recall that in the Civil War the United States built a number of monitors 
as developed by Ericsson, the monitor being essentially an armored 
vessel with a very low freeboard and carrying its guns in turrets on a 
deck not more than two or three feet above the water. The Ericsson 
monitor was purely a steamer, being without sail power. A distinguished 
English officer, Captain Cowper Coles, took up with enthusiasm the 
monitor idea, and as a result of his campaign there was built in England 
a large low freeboard vessel of the monitor type, called the Captain, 
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which also had full sail power. Naval architects of the English Admir- 
alty were not enthusiastic over the type, and two of the younger ones 
made calculations which indicated to them that the Captain was not safe. 
But early reports concerning the vessel and experience with her indicated 
that she would be a great suceess, so.little attention was paid to the theor- 
ists and their application of science until on September 7, 1880, in the 
Bay of Biscay, with a moderate gale blowing, the Captain capsized with 
a loss of 481 lives, including Captain Coles himself. The vessel was 
perfectly safe until conditions were such that she heeled over enough to 
bring her deck edge well under water. After that, her righting force 
rapidly fell off, and at a comparatively small heel became negative, 
resulting in capsizing. Under the weather conditions existing, the force 
of the wind against the sails of the Captain was sufficient to heel her 
beyond her safety angle; and over she went. 

The prompt and thorough investigation into this disaster emphasized 
the fact that the metacentric height is not the only factor which must 
be considered in connection with stability. For safety, the range of 
stability or the range over which the heeled vessel retains a tendency to 
right is important. A vessel with a very small metacentric height may 
be perfectly safe if it still retains a righting tendency at a large angle 
of inclination. Large range of stability, or tendency to right at large 
angles of inclination, is a feature associated primarily with high free- 
board. On the other hand, low-freeboard vessels have a comparatively 
short range of stability, but they also may be perfectly safe if their 
metacentric height and initial stability are very great so that a large 
amount of work has to be done to incline the vessel through its compara- 
tively short range of stability. 

The monitor type with very low freeboard and very short range of 
stability but great metacentric height, giving perfect safety, has been 
compared tp a chip, which always sets itself parallel to the surface of the 
water. A chip is obviously not in danger of capsizing ina seaway. At 
the other extreme from the monitor we have the deep draught high free- 
board vessel with little or no initial stability but a great range. Here 
the extreme case may be regarded as that of a pole weighted so as to 
float upright which will return to the upright in time no matter how 
much the sea may deflect it temporarily. 

This whole question is now fairly well understood, and the naval 
architect—provided his calculations are correct—is enabled to adjust 
his metacentric height as he will by varying the proportions and 
dimensions of the ship to suit the position of the center of gravity and 
type of vessel, the uncertain factor in connection with the preparation 
of a design being the location of the center of gravity, which is the center 
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of gravity of every weight in and on the ship running literally to many 
thousands of items upon a 40,000-ton battleship. Naturally this is very 
difficult to estimate with great accuracy during the design stages of a 
vessel. However, we can calculate very exactly the position of the meta- 
center from accurate plans of the lines of a ship and for a completed ship . 
we can determine very accurately the distance of the center of gravity 
below the metacenter and hence its location in the ship. This is done 
by means of the so-called “inclining experiment.” With the ship floating 
freely in still water we move a known weight a known distance trans- 
versely and measure carefully the resulting inclination of the ship. 

From these results we can calculate by simple formulae the distance 
of the center of gravity below the metacenter. 

The usual conception is that the stiffer a ship is, or the greater the 
metacentric height, the greater her safety from the point of view of 
stability. This is true generally but if a vessel is given too great meta- 
centric height she is most uncomfortable in a seaway, responding like 
the chip to every passing wave and her motions may become so abrupt and 
jerky as to be dangerous. Passenger vessels have often crossed the 
Atlantic in perfect safety with zero initial stability or even a slightly 
negative metacentric height, their freeboard and shape giving them 
perfect safety through a range of stability of as much as 90° and their 
small metacentric height making them unusually comfortable in average 
weather. | 

When the naval architect comes to consider the question of the 
strength of his designs, he is forced to realize that exact scientific methods 
are not yet applicable to this problem. The designer of a great bridge 
is able to fix in advance the loads which his bridge must provide for, 
and then do his designing accordingly. The naval architect cannot do 
this. The strength of a ship should be such as to enable it to withstand, 
under all conditions, the waves of the sea, but the latter are infinite in 
variety and there must always remain some uncertainty as to just what 
will be the strains upon the ship due to the action of the sea. However, 
although we cannot treat this matter by the accurate methods of science, 
we can make an approximation of the most severe conditions, based 
upon previous accumulated experience and observation, and then apply 
the usual methods. 

In spite of the many thousands of observations that have been made 
on waves of the sea, there is yet no complete agreement in regard to their 
limiting characteristics, such as length and height and the relations 
existing between these dimensions. We do know that waves have 
extremely wide ranges of characteristics. We may have, for instance, 
a wave five hundred feet long,—that is, five hundred feet from crest to 
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crest, and only a few inches high,—that is, only a few inches between the 
level of the crest and the level of the hollow. Again, we may have a 
wave of this length, thirty feet or even forty feet high between the crest 
and hollow. Even in the stormy North Atlantic, however, such heights 
are unusual, and forty feet is probably about the limit of regular waves 
generated in deep water by unusually severe and long-continued storms. 
This exceptional height, however, is liable to be materially surpassed by 
abnormal waves, the result of superposition of one wave system upon 
another. In such case, however, the waves do not manifest themselves 
with regular crests, but the abnormal heights are more like isolated peaks. 
The natural tendency when looking at waves is to over-estimate their 
height, and accurate determinations of wave heights are difficult to 
make. The excessive heights reported now and then will be found to be 
estimates by eye inevery case. The highest wave of which I have been 
able to discover an accurate record was almost exactly sixty feet high. 

Returning to the question of the strength of ships: If the sea were 
always at rest, the problem would be very simple. The big strains result 
from the waves. There is one featjire in this connection where a ship 
differs radically trom the usual structure. The determination of strength 
by “rule of thumb” methods and step-by-step development leads in the 
majority of cases to excessive strength. The natural tendency is to err 
onthe safe side. For fixed structures on shore, and even for many pieces 
of moving machinery, excessive strength is not necessarily a fault except 
from the point of view of cost. Ona ship, however, too much material, 
while not as grave an error as too little, is highly objectionable from 
other considerations than cost. Every ship is built to perform some 
distinct service, and, as a floating body, can carry for all purposes only 
a weight equal to that of the water which it displaces. Every pound 
which goes unnecessarily into the structure of the ship itself is a dead 
- loss to the disposable weight available for the aim or object for which 
the vessel is designed. Hence, though the necessity tor adequate 
strength is paramount, excessive strength or unnecessary weight on a 
vessel is a grave fault, and the scientific study of this most important 
question must ever be made with that consideration in mind. 

In spite of the complication of the question, the underlying theories 
are comparatively simple. Investigation has shown that for a given 
ship the most severe stresses in waves of a given height are associated 
with wave lengths from crest to crest the same as the length of the ship. 
When bow and stern are in the crests of successive waves, and the mid- 
ship part in the hollow, the vessel is said to ‘‘sag,”’ for obvious reasons. 
When bow and stern are in hollows and the midship section supported 
by the crest, the vessel is said to “hog.” The strains vary with the height 
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of the wave, but the majority of our calculations refer to the more or 
less standard condition when the height of the wave is one-twentieth of 
the length. The ship’s structure as a whole is considered as a built-up 
girder with upper and lower flanges and connecting webs. Knowing 
the loading of the ship, it is possible, by methods which are tedious but 
not difficult, to determine the bending moment of a vessel at any point 
in any wave distribution and hence from the known characteristics of the 
section of the vessel at that point we can calculate the stresses upon the 
material of the hull structure. 

We come now to the crucial question, how nearly do these stresses 
and strains which we obtain by these calculations approach what we 
actually find in service? It is possible, with modern strain indicators, 
to measure stresses of a ship in a seaway, but such experiments are ex- 
ceedingly tedious and if properly done are expensive. In 1903, after a 
destroyer had broken in two in Great Britain, numerous experiments were 
made under the direction of Professor J. Harvard Biles in order to 
obtain first-hand data upon stresses of ships at sea. It was found that 
the results obtained were not inconsistent with those to be expected from 
the standard methods of calculation, but they were not sufficient to 
say that they extended to ships other than the particular vessel experi- 
mented with. The real method which we rely upon in this connection 
is a statistical and somewhat indirect one. Suppose, for instance, we 
have a number of 5,000-ton vessels and find that, applying to them our 
standard methods of computing stresses, the deck tensions vary from, 
say 5 ‘tins per square inch to 12 tons per square inch. If now we find 
in long service that the vessels whose calculated stress is ten tons per 
square inch and over show defective strength not necessarily by breaking 
in two but by joints opening, rivets shearing, etc., while the vessels of 
lower calculated stress give no trouble, we conclude that for such a vessel 
we should make our plates so thick that the standard calculated stress 
will not exceed eight or possibly nine tons per square inch, leaving some 
margin below the danger point. It is essentially by this method that 
we fix the strength of vessels to-day. Classification societies, such as 
Lloyds, have been collecting information as to casualties, signs of weak- 
ness, etc., in service for many years, and nearly fifty years ago scientific 
papers in the British Institution of Naval Architects laid down in full 
the principles which I have briefly outlined above. 

There is one point I may mention in this connection which shows that 
our methods, adequate though they may be for practical purposes, still 
leave something to be desired from the point of view of scientific prin- 
ciples. If our methods were scientifically accurate they would show the 
allowable stress per square inch the same in the case of large and small 
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vessels. As a matter of fact, we find that large ships are adequately 
strong when their stresses, calculated in the somewhat semi-empirical 
method indicated above, are nearly twice those of smallships. This does 
not mean that steel in a twenty thousand ton ship is twice as strong as 
steel in a five thousand ton ship, but simply that our standard methods 
do not apply in similar ratio to large and small ships. 

While the greatest strains upon a vessel afloat in service occur in 
rough water, there is one operation during the building which is liable 
to tax severely the strength of the vessel unless careful investigation and 
preparations are made in advance. I refer to the launch. Except on 
the Great Lakes of America, the almost universal practice is to launch 
vessels stern first in the direction of their length, which means that 
supported on a wooden sled they toboggan, as it were, down a timber 
slide, lubricated with tallow and oil or the equivalent. The length and 
inclination of the ways upon which the vessel slides, and the inclination 
of the keel of the vessel to the horizon in the position in which she is 
built, must be carefully calculated to insure, first, that the vessel does 
not tip over the end of the ways and lift her bow, which would result in 
crushing her, due to concentration of weight at the end of the ways, and, 
second, that the vessel does not lift her stern so soon as to produce a 
bending moment which would break her in two. A third minor factor is 
that it is undesirable to have the bow ot the vessel, as she clears the end 
of the ways, drop too far, although this is not a matter of importance if 
the two major matters referred to above have been properly taken care of. 
All of the calculations necessary to insure a satisfactory launch must be 
made, and the launching ways fully planned before the keel of the vessel 
is laid. 

The launching weight of a 33,000-ton battleship will be about 15,000 
tons, and the transfer of this large mass from quiescent repose, upon 
blocks shored to keep them thoroughly rigid and stable, to the condition 
afloat, is one of the most spectacular incidents in shipbuilding. A 
successful launch is a very pleasing sight and apparently a very simple 
and easy performance. Few of the spectators realize that it was planned 
virtually to the last detail before the first keel plate of the vessel was laid, 
or for that matter, before the keel blocks themselves were located and 
graded. 

I will say a few words in conclusion concerning one branch of naval 
architecture which during the last fifty years has, I believe, profited more 
than any other by the application of science both in the establishment 
of correct theories and the abolition of older and in many cases grotes- 
quely erroneous ideas. I refer to the question of speed and power. 
Cur modern ideas on this subject are due primarily to William Froude, 
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originally a civil engineer associated with Brunel and Scott Russell in 
the days of the Great Eastern, whose ideas were taken up by the British 
Admiralty about 1870. Upon William Froude’s death in 1876, his 
mantle fell upon his son, Mr. R. E. Froude, who continued and expanded 
his father’s work. The elder Froude’s outstanding achievement was the 
demonstration of the reasonable accuracy of his “Law of Comparison,” 
commonly called by naval architects ‘“‘Froude’s Law,” by which, from the 
resistance of a small but accurate model of a ship, towed at low speed, we 
can closely estimate the resistance of the full-sized ship at her actual 
speed. Froude’s Law isa particular case of the general law of mechanical 
similitude which seems to have been first enunciated by Newton and 
recognized in the last century by French mathematicians. Mr. Froude 
seems to have been the first to obtain practical results from it. 

The fundamental principles of Froude’s method are very simple. 
He divides the resistance of a ship moving through the water into two 
portions—first, that due to the friction of the water upon the surface, 
and second, the residuary or remaining resistance due to the formation 
of the waves and other disturbances in the water, caused by the ship’s 
passage. To determine the frictional resistance, Froude made a number 
of experiments with plane surfaces of various lengths towed at various 
speeds, and his results are still standard, although they did not cover as 
wide a field as would be desirable. It is to the residuary resistance—a 
minor factor for low-speed vessels, but a major factor for vessels making 
high speed—that Froude’s Law of Comparison applies. 

Suppose we have a 500-ft. vessel which we wish to drive at 30 knots, 
and make an accurate model of the hull 20 feet long, the ratio of dimen- 
sions being as 20 to 500, or 1 to 25. We tow a model at what we call a 
“corresponding speed” to the speed of the full-size ship, the correspond- 
ing speed being as the square root of the ratios of the linear dimensions, 
in this case as the square root of 25, or as 5 to 1, so we tow the 20-ft. 
model at 6 knots, or one-fifth of the 30-knot speed for the full size ship 
and determine its residuary resistance by deducting from the total the 
frictional resistance calculated from Froude’s coefficients. This resi- 
duary resistance needs simply to be multiplied by the ratio of the dis- 
placements to determine the residuary resistance, at 30 knots, of the full- 
sized ship. In this case the linear ratio being 25, the displacements are 
in the ratio of the cube of 25, or 15,625, so we multiply the residuary 
resistance of the model at 6 knots by 15,625 and obtain the residury 
resistance of the 500-ft. ship at 30 knots. 

Froude’s methods have been applied to the problem of the propeller 
with great success. But here we find a partial failure, not of Froude’s 
Law, but of our ability to properly apply it. Strictly speaking, the 
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Law of Comparison requires that at corresponding speeds of ship and 
model, the pressures of the fluid around ship and model should be in the 
ratio of the linear dimensions of the models. This is substantially 
fulfilled when we tow a model through a model tank. The pressures of 
water are proportional to the linear dimensions, and the atmospheric 
pressure, which is not proportional to the linear dimensions, being 
constant for model and ship, has no effect upon the resulting phenomena. 
In fact, with minor exceptions, the disturbances set up by model and 
ship in the water are the same as if there were no air pressure, as if 
model and ship were operating in a vacuum. When we come to a 
propeller, however, the case is different. This operates completely sub- 
merged, and the pressure of the air being equivalent to some 33 feet of 
water, affects the model propeller differently from its effect upon the 
operation of the full-size propeller. The practical result is that the full- 
size propeller experiences ‘‘cavitation,’’ as it is called, while the model 
propeller at corresponding speed does not show cavitation. Cavitation 
is the name that we give to the condition where the water around a pro- 
pellor operating at high speed, under high pressure, is unable to follow the 
blades which tear holes or cavities in the water, resulting in a rapid and 
pronounced loss of efficiency. If one takes a stick and draws it rapidly 
through the water of a stream, it will be observed that the water is unable 
to follow closely the stick which leaves a cavity behind it. The cavitation 
of a propeller is somewhat the same kind of phenomenon. If we could 
test a model in a vacuum or partial vacuum, we could fully reproduce 
the phenomenon of cavitation on the model. We can also place a model 
propeller in somewhat the required condition by testing it in hot water. 
There are obvious difficulties in such experiments, however, and in 
dealing with propellers we are compelled to restrict the application of 
the Law of Comparison to conditions where cavitation does not appear 
in the full-size propeller. Incidentally this covers the practical field, 
since we of course avoid having propellers which show cavitation with the 
resulting loss of efficiency. Unfortunately our knowledge of the border 
line between cavitating and non-cavitating propellers is not exact, the 
cases of cavitation of full-sized propellers being always unintentional. 

I need not enlarge upon the obvious value of the tool which Froude 
supplied the naval architect. We have here a most beautiful illustration 
of scientific methods applied in practice. We do not have to build a 
ship or resort to elaborate calculations to determine its resistance. We 
can build a small model ten or twenty feet, and months or even years 
before the ship is finished, from the tests of this model, estimate with 
great accuracy the performance of the ship. But the outstanding value 
of the method is the fact that we can quickly and cheaply modify our 
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small model and in that way determine the most advantageous form to 
meet our conditions. For instance, we are building in the United 
States some large and fast battle cruisers. Some years ago when these 
were in the early design stages, there were made and tested in the Model 
Basin at Washington, (which follows the Froude method) upward of 
twenty possible models for these vessels, with the result that the resist- 
ance of the model finally adopted was nearly fifteen per cent. less than 
that of the first model tried. Since this Model Basin was established 
a little over twenty years ago we have made and tested for resistance 
some 2,400 models nearly all of the 20-ft. length. It might seem at first 
that, with this mass of accumulated experience, the whole ground has 
been covered. Of course, that accumulated data is of the greatest 
value, and when a new type of vessel is under consideration we can esti- 
mate very closely the speed and power without making a model, but 
when we actually come to the final design stage we still find it possible 
to make improvements, and regard the work of making and testing 
several models as essential. 

I might say here that the problem of the naval architect in dealing 
with actual vessels is not essentially that of making the vessel of the 
minimum resistance for the displacement. In the case of a given vessel 
we could nearly always design one of less resistance, but resistance is 
not the only factor to be considered. For instance, a number of years 
ago we were investigating the question of a vessel of about four thousand 
tons displacement which was required to make a very high speed, or 
rather a speed very high for those days. We found that if we made this 
four-thousand ton vessel 450 feet long the resistance would be just half 
of what it would be if made 350 feet long. Unfortunately for the naval 
architect, however, length is objectionable from nearly every point of 
view except that of speed. It involves, for instance, materially greater 
hull weight because a long vessel is more stressed in a seaway than a 
short vessel. We finally made the vessel 420 feet long, thus gaining the 
greater part of the benefit of length without suffering the objections due 
to excessive length. 

We often find inventors who believe that there is some great merit 
in some particular shape of line, the merit being lost if the line is varied 
by a hair’s breadth. We find as a matter of fact that the detail shape 
of lines is rather a secondary feature in connection with resistance. 
The primary factor in obtaining high speed is length. For low speed 
vessels, length is less important. Next to length the most important 
thing is the area of the maximum or midship section as we call it. Details 
of shape have little influence. The most desirable solution in one case 
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vessels of moderate speed—moderate in proportion to their length— 
we find, broadly speaking, it is desirable to make the ends fine (that is to 
say thin in’ordinary language), and the waterlines rather hollow if 
anything. Such vessels may often advantageously be made relatively 
broad of beam in order to gain a large midship section, the displace- 
ment being concentrated amidships and taken from the ends. For 
very high speed vessels, however, such as destroyers, curiously enough, 
the ends can advantageously be made quite full and blunt, it being de- 
sirable in this case to make the area of the midship section much smaller 
than in the case of vessels of moderate speed. The fact that the most 
desirable features of form vary so with size and speed of vessel is alone 
sufficient to require careful investigation of each important case by 
Froude’s law, and as a matter of fact no country which builds ships of any 
importance is now without at least one experimental tank following the 
principles discovered by the modest scientist who, fifty years ago, built 
the first such establishment in his garden at Torquay, England. 
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DATA ON U. S. NAVAL VESSELS USED IN ILLUSTRATION 


Year Length | Displace- 


Name Authorized | Over all ment Batteries 
SUBMARINES Tons 
Holland................] 1896-1899} 53’-10’ 75 Surf. 
SO E E EE ET 1916-1917| 231’- 0” 854 “ 
T-1 (AA-1)............. 1914 269- 9” | 1107 “ 
DESTROYERS 
Hopkins............... 1898 | 248’- 8” 408 |2-3’-6-6 pdr.-2-18” 
tubes. 
Preble........... Binns 1898 250’- 2” 420 |2-3'-5-6 pdr.-2-18” 
tubes. i 
Reid 36.6352 hee chaes 1907 293-10” 700 = {5-3/’-3-18’“tubes. 
Henley................ 1910 | 293-10” 742 |5-3’'-3 twin 18” tubes. 
Cummings............. 1911 305’- 3” 1020 {4-4-4 twin 18” tubes. 
Davis EEE boas 1914 | 315’- 3” 1071 {4-4’-4-21” triple 
tubes. 
O PON 1915 | 315’- 6” 1125 |4-4”-2-3” 23 cal. A.A. 
4-21” triple tubes. 
McCawley............. 1917  |314'-414” 1215 |4-4’-1-3” 23 cal. AA. 
4-21” triple tubes. 
BATTLESHIPS 
Oregon, Indiana, Mass- 
achusetts............ 1890 350-11” 10288 |4-13’'-8-8’'-4-6’’-20- 
' 6 pdr. 
lowa... aonne. 1892 362- 5” 11346 |4-12”-8-8”-6-4”-20- 
6 pdr. 
Kearsarge and Kentucky] 1895 375- 4” 11520 |4-13”-4-8”-14-5”-20- 
6 pdr. 
Wisconsin, Alabama, 
Illinois............. 1896 373-10” 11552 |4-13”-14-6”-16-6 pdr. 
Maine, Missouri, Ohio..| 1898 | 3937-11” 12500 |4-12”-16-6”-6-3”-8- 
3 pdr. 
Virginia, New Jersey, 
Georgia, Nebraska, | 
Rhode Island......... 1899 441’- 3” 14955 *-9/"-§-8’’-12-6’’-12- 
3’'-12-3 pdr. 
Connecticut, Louisiana, 
Vermont, Kansas, 
Minnesota, New 
Hampshire...........| 1902-1904] 465’- 4” 16000 |4-12’-8-8-12-7’’-20- 


X 3” 12-3 pdr. 
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DATA ON U.S. NAVAL VESSELS USED IN ILLUSTRATION—Continued 


Name Authorized| Over all ment Batteries 
South Carolina and i 
Michigan............ 1905 452’- 9” 16000 | 8-12''-22-3’-2-3 pdr. 
Delaware and North | 
Dakota.............. 1906-1907| 518’- 9” 20000 |10-12”-14-5”-4-3 pdr. 
Florida and Utah........ 1908 21825 {10-12’-16-5’’-4-3 pdr. 
Wyoming and Arkansas...| 1909 26000 |12-12’-21-5’’-4-3 pdr. 
New York and Texas.... 1910 27000 = {10-14’’-21-5"-4-3 pdr. 
Oklahoma and Nevada... 1911 27500 |10-14”-21-5”-4-3 pdr. 
Pennsylvania........... 1912 31400 |12-14”-22-5”-4-3” AA 
4-3 pdr. 
New Mexico, Mississippi, 
dan sess ishesedckaes 1914 32000 |12-14''-22-5’-4-3” AA 
4-3 pdr. 
Tennessee and 
California............ 1915 32300 |12-14’-14-5"-4-3” AA 
4-6 pdr. 
Colorado, Maryland, 
West Virginia, 
.Washington:......... 1916 32600 |8-16”-14-5”-4-3” AA 


4-6 pdr. 
South Dakota, Indiana, 
Montana, North Caro- 
lina, Iowa, Mass- 
achusetts............. 1916-1917} 684’ 43200 |12-16”-16-6”-4-3” AA 
4-6 pdr. 


NUMBER OF CONDITIONS IMPUSED BY A SET OF ORDER 
NUMBERS 


By J. C. FieLps, Ph.D., F.R.S. 


g 1. Let 
1. f(z. u) =0 


be an equation in which f(z, u) is a polynomial in u of degree n with co- 
efficients which are rational funetions of z—or more generally series in 
powers of z, involving only a finite number of negative exponents. The 
branches of the function u corresponding to the value z=0 group them- 


selves into a number r of cycles of orders », v» . . . , », respectively. 
Adjointness relative to this value of the variable z is defined by a set of 
order numbers y:—1+1/m, ..., p —1+1/v, where m, .. . u, are 
the order numbers of the function f(z, u) for z=0. Two sets of order 
numbers 7, .. ., 7, and 7), ...,7, are said to be complementary 
adjoint when we have 

2. t3+7,=4,—J+1/y,; s=1,2, ...,7. 


On designating by z~‘((z, u)), the general function of (z, u) of rational 
character for the value z=@, which is conditioned by the order numbers 


71, . «+» Ty, the vanishing of the principal residue relative to this value 
of z in the product 
3. z™((z, u)),¥(z, u) 


is, as we know,* the necessary and sufficient condition in order that 

y(z, u) may have the order numbers 7,. . ., T, 
We shall now consider a product 

é n i 

B-r niz UE 2 Oy -1,1-12 uh? 


n 
4. 2 
t= i=1 r=-i+1 


l r= —i+ 
in which the two factors are of identically the same form so long as the 
coefficients B_,,—-; and a,—;,;-; are all arbitrary. Holding the 2ni 
coefficients B_, ,—, all arbitrary and equating to 0 the principal residue 
in the product, it is readily seen that we make the 2ni coefficients a,_ 1, 1-1 
all vanish. For if the second factor in (4.) is not identically 0 we shall 


+ On the foundations of the theory of algebraic functions of one variable,” 
Phil. Trans. Roy. Soc. Series A, Vol. 212, p. 345. 
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have included under it a specific function of the form of the second factor 
in the product 


e $ 
5. Bopa UAS ariaa u 
tal r= —i+] 

where u~! is the highest power of u which presents itself under the 
double summation and where we have a coefficient a’,_; ,-; ¥ 0. 
The principal residue in the product (5) is B-p, n-e@ -1.0-1 
which is not identically 0. If, then, the principal coefficient in the 
product (4) is identically 0 for arbitrary values of the 22 coefficients 
B-r, n- the 272 coefficients a,_;,,-, must all vanish. It is immediately 
apparent that on equating to 0 turn about the principal residue relative 
to z=0 in the product of the second factor in (4) by each of any 2ni 
specific linearly independent functions contained under the form of the 
first factor in (4) we impose on the 2m coefficients a,_; ,.) aS many 
linearly independent conditions. If, therefore, we condition the first 
factor in (4) by the order numbers 7,...., 7,, thus imposing A conditions 
on the coefficients B_,,.,, and thereafter equate to 0 the principal 
residue in the product, we impose precisely 2ni—X conditions on the 
coefficients a,~, 1—1 - 

We shall now assume for the moment that the equation (1) is of 
‘ntegral character relative to the value z=0. It is then evident that on 
equating to 0 the principal residue relative to z=0 in the product 


s $ 
6. z*((z, u), £ Z ap—1, 4-12 u} 

t=1,r= -i +1 
we impose on the coefficients a,_; -1 the 2ni — conditions referred to 
above, for terms in the first factor of (6) involving z to as high a power as 
z’ cannot make any contribution to the principal residue in the product. 
Assuming 2 to be taken sufficiently great the 2ni —\ conditions here in 
question are precisely those conditions which are requisite in order that 
the second factor in (6) may have the order numbers 7;,. . ., 7, for 
the value z=0. These, then, are also the conditions which are imposed 
on the general function of the form z~‘((z, u)) by the order numbers 


Ti) + + + y Ty The numbers of the conditions imposed on the general 
function of the form z~ *((z, u)) by the sets of order numbers 71,.. ., T, 
and 71,.. ., 7, respectively are therefore ` and 2m1— x. The differ- 


ence between the numbers of these conditions is 2\—2ni, and 
r 

this difference is readily seen to be also 2 (7,—7,)y,. For if t4,...,¢ 
s=] 


be a set of coincidences on a lower level than either of the 
setS Ti, > . a Tp OF 71,. . ., 7, and if 4 be chosen sufficiently great we 
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see that the difference in the numbers of the conditions imposed on the 
general function of the form z7‘((z, u)) by the sets mẹ. . ., 7, and 


r r 
ls.. h iS E (7,—4¢,)», while E (7,—4,)v, is the difference in the numbers 
s=] sml 


of the conditions imposed on the general function in question by the 
sets 71, ..., 7, and f, . . ., #4, It follows that the difference in the 
numbers of the conditions imposed on the general function of the form 


i r 
z~((z, u)) by the sets 7,.. .,7, and 71,. . ., tT, is E (7,—7;)»,. -We 
s=1 
r 
consequently have 2N—2ni=?2 (7,—7,)v,, whence 
s=1 : 


7. =ni} E (r, —7F,)vs 
s=1 
Combining (7) with (2) we evidently have 
8. A=nit È ry,—4F (u,—14+1/2,)y,. 
s=1 — s=1 


In deriving the last two formulae we have assumed the equation (1) 
to be integral. Supposing this not to be the case we can choose an integer 
j such that on writing z'u =v equation (1) transforms into an integral 
equation F(z, v)=0. Here F(z, v)=2"f(z, u) and we have F; (z, v) = 
2"- Dif (z, u). On designating the order numbers of F(z, v) for the r 
cycles corresponding to the value z=0 by the notation y’;,. . ., p’, we 
evidently have p’,=(n—1) j+u,; s=1,.. .,7. For the number N of 
the conditions imposed on the general function of the form 27 ‘((z, v)) 
by the set of order numbers 7,. . ., 7, we can, in analogy with formula 
(8), then write 


r r i 
N=nit > 13-32 (u’,—14+1/»,)y,, 
s=1 s=1 ‘ 
and from this we derive 
r r 
9. N+an(n—1)j=nit 2 ty, —4 2 (us—1+1/v,)y,. 
s=1 sul 


The general form z7‘((z, v)), expressed in terms of z and u, may be 
written 


10. | s7*"((2,0))= 2S t” Pa teh Puts P. 


where P,_,,...,Po are series in power of z not involving negative ex- 
ponents. This form, however, is included under the general form z` (2,u)) 
and lacks just (n—1) j+(n—2)j+ ...+2j+j of the terms included 
under the latter form. The general form (10) is then derived from the 
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general form z” ‘((z, u)) on equating 3n(n—1)j coefficients in the latter 
form to 0. The number of the conditions imposed on the general 
function of the form z~*((z, u)) by the set of order numbers 7,..., 1, 
is, therefore, \’+4n(n—1)j. From (9) then we see that the number of 
the conditions imposed on the general function of the form s~‘((z, u)) 
by the set of order numbers 7;,. . ., 7, is given by formula (8) whether 
the equation (1) is integral or not. The formula (7) holds good at the 
same time, too, as we see on combining (8) with (2). 

Formulae (7) and (8) have been obtained on the assumption that 
—12 has been taken sufficiently small. There is a least number —7z’ such 
that terms involving the power z™" may actually present themselves in 
a rational function conditioned by the set of order numbers 7, . . ., Tp 
It is evident that our formulae hold good so long as we have taken 
—4t=—1'. 

If for 7,. . ., 7, we take the order numbers defining adjointness for 
the value z=0, formulae (7) and (8) evidently give us the expression 


nità z (u,—1+1/»,)y, 
s=1 


for the number of the conditions imposed by adjointness relative to the 
value z=0 on the general function of the form 3~‘((z, u)), while the same 
formulae give us the expression 


Bos Gey, 
s=1 


for the number of the conditions imposed on the general function of this 
form by the 0-set of order numbers corresponding to the value z=0. 

The formulae obtained in the preceding can also be derived directly 
in the case where the equation (1) is nonintegral. This we have already 
shown elsewhere. We shall however here indicate it in abbreviated 
form. We shall for the moment suppose the coefficients B_,,,-, and 
a,—1,:-1 in the product (4) to be arbitrary for r= —j7,..., —i+1, the 
remaining coefficients being 0. If we hold the n(t—j) coefficients B_,, s-t 
here in question arbitrary and equate to 0 the principal residue in the 
product the n(i—j) coefficients a,—,,z~-1, in which r has one of the values 
—j,..., —t+1, evidently all vanish. That is to say we subject these 
n(i— j) coefficients to as many linearly independent conditions. 

In the case then where the 2ni coefficients a,—;, ;~, are assumed to be 
arbitrary to begin with, as also the n(i—/) coefficients B_,,,—, for which 
r has one of the values —j,... , —i+1, whatever restrictions may be 
placed on the other coefficients B_, ,-;, it is evident that among the con- 
ditions imposed on the coefficients a,—1, ¿—1 when we equate to 0 the prin- 
cipal residue in the product (4), are n(i—j) conditions which are linearly 
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independent in the m(t—j) coefficients a, 1, ;-; in which r has one of the 
values —j, ...‘, —t+1. All the other conditions may be regarded 
as imposed on the coefficients a, —, +- in which r > —j. It is plain then 
also that the addition to the first factor in (4) of any term involving a 
power of z higher than 2'~! can introduce no further condition on the 
coefficients a,_,, ~, when we equate to 0 the principal residue in the 
product, the integer 7 being chosen sufficiently great, for the presence of 
such term could impose no conditions on coefficients a,—,, s~1 in which 
r> —j. The 2nt—X conditions imposed on the coefficients a,_;, ¿—1 on 
equating to 0 the principal residue in the product (4) therefore constitute 
the total conditions requisite in order that the second factor in (4) may 
have the order numbers 7;,...,7,- The formula for à then follows 
as before. 


In what precedes there is nothing essentially new. There is simply 
some slight modification and abbreviation of what the writer has already 
given elsewhere. When however a fundamental formula like formula 
(8) has been obtained in one way it is usually not difficult to arrive at 
the result in a multiplicity of other ways. Knowing the formula in 
advance we have our orientation and it is only necessary to consider 
it in its various connections and to note its bearing on the elements 
involved in order to anticipate a line of proof depending on these ele- 
ments. We shall here adjoin a couple of proofs so obtained. 


§ 2, We know from elementary considerations that the number of 
the conditions imposed on a rational function of (z, u) of sufficient 
generality by a set of order numbers corresponding to the value z=0 
is given by the sum of these order numbers plus a fixed number which 
is independent of the values of the order numbers. In particular the 
number of the conditions imposed on the general function of the form 

r 
z™*((z,u)) by the set of order numbers 71,..., 7, is ni + zs v— A 
i= 
where A is a definite number the determination of which would give us 
formula (8). To determine A it will then suffice to determine the number 
of the conditions imposed on the general function of the form z™* ((z, u)) 
for a sufficiently great value of i by a specific set of order numbers. 


To abbreviate matters we shall suppose as before that the equation 
(1) is integral. The genera! rational function which is adjoint relatively 
to the value z=0 is included under the form ((z, u)). What is the number 
of the conditions imposed on this general form by the set of adjoint 
order numbers pi:—1+1/",..-, fp—14+1/»,? 

We shall emp'oy the notations 87‘ ((z, u))o and ((z, «)), to designate 
respectively the general rational function of integral algebraic character 
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for the value z=0 and the general rational function which is adjoint 
relatively to this value of the variable z. The number of arbitrary 
constants involved in the express on of the prncipal part of the former 
function we shall indicate by X. 

A complete basis for the representation of the functions included 
under ((z,u))a we shall suppose to be constituted by n functions 


11. gal Rasi (z, u), gin—2 R,-2 (z, u), ce ey 2 Ro (z, u) 
whose degrees in u are n—1, n—2,..., O respectively. The functions 
R,-1 , Ra-2, ..., Ro are understood to be integral in z as well as in 4. 


Also it is readily seen that we may assume the coefficient of the highest 
power of u in each of them to be 1. We have Ro(z, u) =1 and «o has for 
value the greatest of the integers [p], [we], ..., [u]. We may, if we will, 
assume R,_, (z,u) to have order numbers, relative to z=0, none of 
which is less than the greatest of the numbers pu u2, -.., Mp. Evidently 
K,—1 =0. 

A complete basis for the representation of the functions included 
under z™*((z, u))o we shall indicate by the notation 


12. g—Aw~1 Pu—-1(2, u`, g—An—2 Pu—2(Z, Ub), - 203 2 Mpo(z, u), 

the degrees in u of these n functions being »—1, »—2, ...., 0 respect- 
ively. The funct ons p,—1, Pe—2, ---, po are integral in z as well as in v. 
We may if we will suppose them polynomial in z and the same is true 
of the functions R,~1, R,-2, ..., Ro. The coefficient of the highest 
power of u in each of the functions p is taken to be 1. We have po(z, u) =1, 
Ao=0. Also X,,—-1 is equal to the greatest of the integers [ui], .. . , l4]. 

We may write 
13. 
n=l nl n—l 


(2, ua = E 2% Q, Ri, (E w))= E Q; Ra, 8 “((e,u))p= E 7N O pn 


where Q), Qi, ..,Q,~-, are employed to indicate arbitrary series in 
powers of z which involve no negative exponents. Evidently :=),-1: 
We may take p,—; = R,-— 1 and in the case where our equation f(z, «) =9 
‘s constituted by one cycle only relative to the value z=0 it is readily 
seen that we may take p,=R,, s=0,1,...,m"-—1. In this case we may 
evidently select each function p,=R, so that its single order number 
relative to z=0 is as great as is compatible with its degree in u, the 
coefficient of the highest power of u being 1. 

The number of arbitrary constants which present themselves in the 

a 


principal part of z2~‘((z,u)) is N= E s. This is the number of the 
s=0 


conditions which reduce 2™((z, u))o ‘to the form ((z,u)). Also the 
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number of the conditions which reduce ((z,u)) to the form ((z, u))s 
nal r 


is x= E u. We have dA+x= È (p,—1+1(r,)v, since this, as we know, 
s=1 


is the number of the conditions which reduce z™((2,u))o to the 
adjoint form ((z, u))a- 

The products 
14. | gkn—s—Ms-1R ny -s=1,2,..." 
are all adjoint relatively to z=0. Also the products R„—sps—ı are all of 
degree n— 1 in u with 1 for principal coefficient. The order numbers of 
these latter products for z=0 cannot therefore be simultaneously greater 
than m, ..., up. It follows that none of the differences k-s —,-, can 
be negative. As a consequence we have x > X. 

We impose on the coefficients of the function ((z, u)) the conditions 
requisite to adjointness on equating to 0 the principal residue relative to 
z=0 in the product 

2 *((z,%))o ((z, u)). 
Since \ is the number of the arbitrary constants in the principal part 
of z™ ((z, u))o the number of the conditions requisite to adjointness on 
the part of ((z, u)) is = ^. But the number of these conditions is x. 
We therefore have KZ). Since it has been ptoved that «es we 
_ derive x=). Now the number of the conditions which reduce the 


. r 
form z™*((z,u))\ to the form ((z, u))a is N+«= È (us — 1 + 1/v,)»s. 
s=1 
We consequently have 
r 
15. A=K= 4 E (u—1+1/rv)vs. 
s=1 


§3. From the equality e=\ and theinequalities x,-, > As-1, obtained 
in what precedes, we derive k-s =A;-1; S=1, 2,..., n. It would 
suggest itself to arrive at our formula by proving these equalities directly. 
We shall not here attempt the detail involved in the consideration of 
the general case but shall for the moment restrict ourselves to the special 
case where f(z, u) =0 presents only one cycle corresponding to the value 
z=0. The order number of f«(z,u) we shall designate by u. A poly- 
nomial in u with coefficients of rational character relative to the value 
z=0, must, if it is adjoint for this value of the variable z, be of integral 
character relative to z. Also it must be divisible by z if its order number 
is greater than yp. 

In the products (14) for the case here under consideration we may, 
as has already been pointed out, assume p,=R,; s=0,1,...,"—1. As 
has already been noted, we may also suppose these functions to have 
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the maximum order numbers consistent with the limitations imposed 
on their forms. In (14) we shall assume that the functions R,_, and 
ps-1 = R,;~, have maximum order numbers. These order numbers we 
shall designate as a,., and a,_, respectively. Since the product 
R"~*p,-1 is of degree »—1 in u with 1 for the coefficient of u"—} it is 
evident that a,_,-++a,-; cannot be greater than u. We shall here 
assume a,—; +a,;—; =p and shall justify our eee later on in a 
supplemental lemma. 

From the nature of the basis functions in (11) it is plain that we 
must here have p—1+1/vky—; +an -s < u+1/v whence as- —1+1/v 
Z Kas L as-1 + 1/v and therefore as-1 —1 < Kps < 43-1. From the 
nature of the basis functions in (12) we derive immediately 
ası —1< M-11 < aşı. From the foregoing inequalities we conclude 


Kn—s = \s-1; S=1,2,...2, and consequently «=A. From «+r = 
(u—1+1/v)» then follows 
16. A=xK=4(p—141/r)», 


the special case of formula (15) when equation (1) consists of a single 
cycle of order n =v for the value z=0. For the number of the conditions 
imposed by an adjoint order number 7 on the general polynomial of 
degree »—1=v—1 in u, with coefficients of integral rational character 
relative to the value z=0, we immediately derive the expression 


17. ry—4(u—14+1/v)». 


To complete the above proof we hgve to establish the supplemental 
lemma a-s tas-1 =p. With this end in view we shall proceed to con- 
struct a polynomial of degree »—1 in u with coefficients of integral 
rational character in z, the coefficient of u”~* being 1, the order number 
of the polynomial for z= 0 being u. 

Let us consider the successive terms in one of the branches u—P=0 
of the cycle of order y with which we are here concerned. The full order 
v of the cycle to which the branch belongs may not immediately declare 
itself. The cyclical characters successively presenting themselves we 
shall designate by 1, v’, v’,..., v”, v where evidently each element in 
the succession is a factor of the one which follows. We shall write 
v= POSE VLED od pany’, 

Suppose Pi p: ...,Py to be portions of yeg series Po Pp- Pro 
these part series characterizing a cycle of order». Furthermore 
suppose these partial series to contain every term of the respective series 


Po Pp --- = Py up to and including the last terms in these series 
antecedent to the first terms which determine the series as belonging to 
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a cycle of order v. The product (u —P) (u—P,). . . (u—Pyw) we shall 
call a truncated function of cyclical character ». 

We shall now build up a polynomial of degree »—1 in u constructing 
it as a product of cyclical truncated functions, as follows. We first 
multiply together \“’—1 of the truncated functions referred to above 
as of cyclical character »v™. This leaves a factor of degree »—1 still 
to provide for. From one of our truncated functions of cyclical character 
v truncate A“) identical funct’ons of cyclical character »“7®?. By 
\“—-) _1 of these functions multiply the product of \—1 functions of 
cyclical character » already formed. This leaves a factor of degree 
y“ sl still to provide for. So proceeding we ultimately construct a 
product R(z, u) of degree n—1 in.u, made up of \“ —1 identical factors 
of degree », of »*—" —1 identica factors of degree v,“~"..., of ’—1 
identical factors of degree v’ and of v’—1 identical factors of degree 1 in u. 
The order number of this product is evidently n. 

Out of the factors of R(z,u) we now construct as products two 
functions R,_, (z,u) and R,_ (z,u) the degrees of which in u are indi- 
cated by their suffixes. This can be done in one way only. For in fitting 
into R,_, and R,- the maximum numbers of factors of cyclical character 
v permitted by the degrees of these functions in u we just dispose of 
the \ — 1 factors of this cyclical character contained in R(z,u). There 
remain to be fitted into R,_, and R,-ı factors whose degrees in the 
aggregate are yp“? — 1. Just as we distributed between R,-_, and R,-ı the 
A” —1 factors of cyclical character v” contained in R(z, u) so now we 
further distribute between R,_,\and°R,-; the \“~” —1 factors of R(z, 2) 
of cyc ical character v“~" which evidently can also be done in one and 
only one way. So proceeding it is evident that we can factor R(z, u) 
uniquely in the form R(2, u) =R,_;(z, u)R,—1 (2,4), the degrees in u of 
the factors being indicated by the suffixes. The fact that we can split 
R(z, u) into two such factors suffices to establish the lemma 
Q,—,; ta,—,; =p and the proof of formula (16) is therewith complete. 


§ 4. Having obtained the formula (16) with reference to a single cycle 
we can deduce the more general formula (15) in various ways. 
Representing f(z, u) as the product of its cyclical factors we write 


f(z, u) =fi(z, u) fi(z, u) See f(z, u) 


where 1, ⁄2, ... , ¥, are the degrees in u of the respective factors. The 
sum of'the orders of coincidence of one branch of the equation f,(z, u)=0 
with the remaining v,— 1 branches we shall indicate by u;’. Adjointness 
relative to this cyclical equation for the value z=0 will then be defined 
by the order number p,’—1+1/»,. 
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In the case of any polynomial A(z, u) in u with coefficients of rational 
character in z we can write 


18. H(z, u)= z G,(z,u) fi(z,u)...f,-1(2, w)fe4i(z,u)...f,(s,%), 


mod f(z, u), 
where Gi(z,u), ..., G,(z,u) are polynomials in u of degrees 
vi—1, ...,»,—1 respectively. The values of the function H(z, x) are, 


‘as we know, given by the summation on the right-hand side of the 
congruence when u satisfies the equation f(z, u) =0. 

In the case of the general function ((z,u)) we can, in analogous 
manner, evidently write 


19.  ((z, n= = Es(z, u) filz, u) . . . fs-1(2,U)fs+1 (2,4)... filz,u), 
| mod fı(z,u) ...f;(z,4), 


where gi(z.u),...,9;(2, u) are polynomials in u of the respective degrees 
vı— l, ..., %—1 with coefficients which are of rational character rela- 
tively to the value z=0. 

Let us now assume that we are imposing on the coefficients of the 
general function ((z, «)) the conditions requisite to adjointness relative 
to the equation f(z,u) =0, not simultaneously, but successively for the 
branches of the several cyclical equations fı(z,u)=0, fo(z,u)=0,..., 
f(z, u)=0. Suppose we have imposed these adjoint conditions 
successively for the branches of the cyclical equations f;,(z,u)=0,..., 
fi-1 (2,4) =0. Let us consider the congruence (19). By virtue of the 
orders of coincidence in question it is evident that among other restric- 
tions on the ¢—1 polynomials gi(z,u), ..., 2-1 (g,%) they will have 
coefficients which are of integral character for the value z=0. Because 
of the integral character of ((z, u)) it will then follow from the congruence 
that the coefficients of the polynomial g,(z,~) must also be of integral 
character relative toz=0. Itisalso evident that the orders of coincidence 
in question impose no further conditions on the polynomial g,(z, u). On 
considering the tth element in the summation on the right-hand side of 
the congruence we see that with the imposition on the function ((z, u)) 
of the adjoint orders of coincidence corresponding to the branches of the 
t—1 cyclical equations fi(z,u4)=0, ..., fı-ı (2,4) =0 we have at the 
same time imposed on the function an order of coincidence with the 
branches of the cyclical equation f,(z, u)=0 which is equal to the order 
of coincidence of the product fi(z,u) .. .fı-ı (z, u) with one of these 
branches. | 


CONDITIONS IMPOSED BY A SET OF ORDER NUMBERS 143 


Let us now increase the orders of coincidence of the function ((z, u)) 
with the branches of the equation f,(z,4)=0 to what is requisite for 
adjointness relative to the equation f(z, u) = 0 on the part of these 
branches. This means imposing on the function g,(z, u) the order of 
coincidence y,—1+1/»,— w relative to a branch of the cyclical equation 
filz, u) =0 where, for the moment, we employ the notation w to designate 
the order of coincidence of the product fi(z, u)... fı-ı (z, u) with a 
branch of the equation f,(z, «)=0. The number of the conditions so 
imposed on the coefficients of the function g,(z, u), and therewith the 
number of the additional conditions imposed on the coefficients of the 
function ((z, u)) is then, in accord with formula (17), given by the 
expression 


(1p — 11/0, — pop) — hlm —14+1/0,). 


The total number of the conditions imposed on the general function 
((z, u)) by adjointness relative to the value z=0 is then given by the sum 


20. Z {uw —1+1/4— aed! 141/21}. 


r 


Now = is evidently equal to half the aggregate of all those numbers 
t=1 


each of which is the sum of the orders of coincidence of a branch with 


r 
the branches of all the cycles other than its own. The sum È pmv+ 
t=1 


? 
4 E p'vis then equal to half the aggregate of all those numbers each 
t=1 


of which is the sum of the orders of coincidence of a branch with the 
remaining n—1 branches of the equation f(z,u)=0. The sum in 


r 
question is then equal to 4 Z pn. The expression given in (20) for 
t=1 


the number of the conditions imposed on the coefficients of the general 
function ((z, u)) by adjointness relative to the equation f(z, u)=0 for 
the value z= 0 can therefore be written in the form 


3 a (m—1+1/v)v. 


§ 5. We shall now develop another method for reaching our results 
in the general case, on starting out from the formulae (16) and (17) 
obtained for the case of a single cycle. In connection with the proof of 
these formulae we had occasion to construct a function R(z, u) syntheti- 
cally as a product of a number of cyclical factors. The extension of 
these formulae to the general case we shall here effect through an analysis 
of the conditions under which factorization of the general function 
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((z, u)) takes place. As before we shall understand that this function 
is of degree n—1 in u and f(z,u) we shall assume to be a product of r 
cyclical factors fi(z,u),..-.,f,(z, u). 

Let us consider a set of order numbers 7, ..., 7, which are adjoint 
but not simultaneously greater than the numbers m, ..., yp We shall 
suppose 71,..., 7,~-1 to have values as great as we will and 7, will then 
have one of the values py,—1+1/»,,..., uw, These order numbers we 
propose to impose successively in the order 7, 72,...., 7, on the function 
((z,u)). They will not require the principal coefficient to be divisible by 
z and they will evidently impose the same number of conditions on the 
general function ((z,u)) which is unrestricted to begin with and on the 

general function after we have assigned a specific form to the principal 

coefficient so long as the form in question is not divisible by z. We shall 
then from this on assume that the otherwise general function ((z, z)) 
has 1 for its principal coefficient. 

In accord with formula (17) the order number 7; imposes 
Tıvı— $ (m —1+1/»1)», conditions on the coefficients of the general poly- 
nomial of degree »;— 1 in u with coefficients of integral rational character 
for the value z=0. This then is also the number of the conditions imposed 
by the order number 7; on the general polynomial of degree n—15,—1 
in u, with coefficients of integral rational character relative to the value 
z=0, and therewith the number of the conditions imposed by this order 
number on the function ((z, u)) here in question. We may now suppose 
this function to be represented as a product ((z,)),, ((2,%))n—»,-1 where 


the suffixes indicate the degrees of the respective factors in u, the co- 
efficient of the highest power of u being 1 in the case of each factor. 
The two factors here in question are not uniquely characterized. If we 
suppose the first factor to contribute the total order number 7; and the 
second factor to be arbitrary, save for the coefficient of u*~"~ the pro- 
duct is included under the function ((z,)) conditioned by the order 
number 7;. Included under the function so conditioned however are 
also products in which the first factor does not contribute the total 
order number 7;. In any case we may assume 7; to be so great that the 
first factor must coincide with f,(z,u) out to such point, and as far 
beyond as we will, that its orders of coincidence with the branches of the 
equations f2(z,u)=0, ...,f,(z,4)=0 are the same as those of the func- 
tion f;(z, u) with these branches. 

We shall for the moment employ the notation p, to designate the 
order of coincidence of a branch of the tth cycle with the sth cyclical 
factor fs(z,u) of f(z, 4). Let us now split off from ((z,)),—, —1 a factor 


((z,«)),, of degree vz in u on imposing on the former function the order 
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number rz less p,,,, the order number of the factor ((z, u)),, with a branch 
of the second cycle. We thus impose on the function ((z,u)) futther 
conditions (72— p,,,)¥2—4 (u2’—1+1/v2) v2 in number because of the 
alternative arbitrary character of the factor ((z, U))n—»,-1 . 

We now have 


21. ((z, u)) = ((z, u)),,((2, u)),,((2, U))n—»,—%- i 


Here we may assume ((z,%)),, to coincide with f2(z, u) out toa point such 
that its orders of coincidence with the branches of the cycles other than 
the second are the same as the orders of coincidence of f(z, u) with these 
branches. Also the above factorization does not impose on the function 
((z, u)) an order number for the Ist cycle which is greater than 7, 
because of the alternative possibility’ referred to above in which the 
factor ((z, u)),„, does not contribute the total order number 71. 


Continuing the process of factorization by which we arrived at (21) 
the splitting of a factor ((z,u)),, from ((z,%)),-»,-»,-1 imposes on the 
coefficients of the function ((z,)) additional conditions (73 — ps, 5 — Hy, 3)¥3 — 
$ (us —1+1/v3)yg in number. So proceeding we ultimately arrive 
at a factorization of the type 


(Cz, u)) = ((2, %))»,((2s 4)». -o o ((2, 4))», 3 (C2, &))», = 1 


and determine thereby for the number of the conditions imposed on the 
function ((z, u)) by the order numbers 7,...., 7, the expression we 


r r t—1 r 


Z nun- 2 2 psen — 4 2 (4, —1+1/r,)», 
t=1 t=2 3=1 t=1 


which is evidently equal to 


ft Tey od (u,—1+1/»,)%. 


1 

In what precedes we have not gone into detail as much as we might 
have done. We have not followed all the leads which presented them- 
selves. We have by no means exhausted all the lines of proof which 
were suggested by the context. What we have done is to illustrate in 
a humble way what the writer recently heard called the method of 
“nosing along” by one who in reading a mathematical book had noted 
therein the employment of this method and had accordingly decided 
against its scientific merits because he had failed to grasp the fact that 
this is the one and only method for the systematic uncovering of truth 
vouchsafed to man and compatible with his psychology. 
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